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THE METABOLISM OF L-THREONINE AND GLYCINE BY 
ESCHERICHIA COLI* 


By Dororuy A. MILLeRt AND SOFIA SIMMONDS 
DEPARTMENT OF BIOCHEMISTRY, YALE UNIVERSITY, NEW HAVEN, CONNECTICUT 
Communicated by Joseph 8. Fruton, November 28, 1956 


The ability of strains of Escherichia coli to synthesize glycine from an exogenous 
source of threonine has been reported by several investigators.'~* This synthesis 
might result, as it does in higher animals, from the cleavage of threonine to glycine 
and acetaldehyde (cf. Lin and Greenberg‘). Data pertaining to this problem 
were obtained during the study of serine-glycine auxotrophs of E. coli strain K12 
and form the subject of this communication. 

One of the auxotrophs used (strain S/G) requires for growth an exogenous source 
of either L-serine or glycine.6 As shown by isotope experiments,® cultures of strain 
S/G grown in the presence of one or the other of the required amino acids derive 
about 90 per cent of their protein glycine and serine from the amino acid supplied 
in the medium. Although strain S/G does not grow in the absence of glycine and 
serine, about 10 per cent of the protein glycine and serine formed during growth 
in their presence is derived from glucose-carbon, possibly via the intermediate 
formation of threonine. 

Under the conditions generally employed to determine the amino acid require- 
ments of auxotrophs,® strain S/G does not use L-threonine in place of L-serine or 
glycine. However, in a medium containing suboptimal concentrations of L-serine 
(0.3 millimole per liter) or of glycine (0.2 millimole per liter), the presence of L- 
threonine permits greater growth than that observed in its absence. Moreover, 
there is a very slow increase in the absorbancy (optical density) of the culture and 
in the number of viable cells if the basal medium* 7? supplemented only with L- 
threonine is inoculated with a sufficiently large number of cells (ca. 5 & 10° cells/ 
7 ml. of medium). Repeated serial passage of the resultant culture through a 
threonine-containing medium gives rise to a new, stable strain that behaves like 
a serine-glycine-threonine auxotroph (Table 1); this strain has been named 
“g /G ee 

As a working hypothesis, it was assumed that strain S/G/T grows readily on 
L-threonine because it can derive the required glycine (and serine) from the four- 
carbon amino acid. The experiments reported below provide support for his 
hypothesis. 
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TABLE 1 


GrowTH Response oF Strains 8/G anv 8/G/T 


MM ConceENTRATION OF AMINO ACID REQUIRED FOR 
Maxima Opticat Density or 0.15 1n 24 Hours* 


Amino Acip SupPLEMENT Strain S/G/T Strain 8/G 
L-Serine 0.06 0.46 
Glycine 0.10 0.37 
L-Threonine 0.16 No growth 


* Each 7-ml. portion of medium was inoculated with ca. 3 X 107 cells and incubated on a shaker at 35°. The 
concentrations of each amino acid (in millimoles per liter) shown in the table were estimated from curves obtained 
by plotting the optical densities at the end of the growth cycles against the initial concentrations of the amino 
pS the medium (see J. O. Meinhart and 8. Simmonds, J. Biol. Chem., 218, 329, 1955). 


EXPERIMENTAL 


Preparation of Lyophilized Cells.—Strains 8/G/T and S/G were grown under 
forced aeration for 23 hours at 38° in a liquid medium containing 10 gm. of Bacto 
yeast extract and 6 gm. of Bacto peptone dissolved in 2 liters of distilled water. 
The cells were harvested by centrifugation, washed twice with 0.9 per cent NaCl, 
and suspended in 20 ml. of distilled water. The cell suspension was frozen and 
lyophilized, and the dry solid (ca. 1.6 gm.) was powdered in a mortar and stored in a 
freezer. 

Isotope Experiments.—Each incubation mixture contained 30 mg. of lyophilized 
cells (ca. 1.8 mg. of bacterial nitrogen), 6 micromoles of glycine, and 30 micromoles 
of L-threonine plus sufficient uniformly labeled L-threonine (Nuclear Instrument and 
Chemical Corporation, Chicago) to provide the desired amount of C'; these con- 
stituents were present in a total volume of 3 ml. of 0.02 M phosphate buffer, pH 7.5. 

The mixtures were incubated in stoppered tubes on a shaker at 35°. After 2.5 
hours, 1 ml. of the mixture (solution A) was removed for use in the isolation of keto 
acids as described below. To the remainder of the incubation mixture was added 
0.2 ml. of a trichloroacetic acid solution (100 gm/100 ml), and, after 30 minutes, the 
mixture was centrifuged and the supernatant fluid decanted (solution B). The 
precipitate was washed with distilled water and centrifuged again, to provide 
“washed cells.” 

One and a half milliliters of solution B was extracted with small portions of ether, 
and the resultant aqueous solution (solution C) was subjected to column chromatog- 
raphy’ on Dowex-50 (column size, 0.9 X 30cm.). The column was eluted with 1 NV 
hydrochloric acid (flow rate, ca. 2.4 ml/hour) until 205 fractions (fraction volume, 
0.6 ml.) had been collected, and then with 0.2 N sodium hydroxide until an addi- 
tional 32 fractions were obtained. The elution was followed by C" analysis of 0.06- 
ml. samples taken from every third or fourth fraction. The amino acids in the 
radioactive fractions were identified by paper chromatography in two solvent systems 
(system I, pyridine-water [65:35]; system II, tert.-butanol-methylethylketone- 
concentrated ammonium hydroxide-water [10:10:3:5]®). 

The fractions containing each amino acid were pooled and concentrated to dryness 
in vacuo over P.O; and NaOH. (The data in Table 2 represent minimal values, 
since no corrections were made for the amount of C' lost during the analysis of the 
column eluates.) Carrier glycine and u-threonine (20 mg.) were added to the 
appropriate samples from the column, and the amino acids were reisolated and twice 
recrystallized from water by the addition of ethanol. 

Solution A was treated with 0.2 ml. of trichloroacetic acid solution, and its 
volatile constituents were forced by aeration (with CO.-free air) into a 0.1 per cent 
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solution of 2,4-dinitrophenylhydrazine dissolved in 2 N hydrochloric acid and thence 
into a saturated solution of barium hydroxide. The barium carbonate was collected 
by centrifugation, washed with water, and dried. To the phenylhydrazine solution 
were added carrier acetaldehyde (8 mg.) and an excess of 2,4-dinitrophenylhydrazine 
and the resultant 2,4-dinitrophenylhydrazone was isolated and twice recrystallized 
from hot absolute ethanol by the addition of water. The remainder of solution A 
was centrifuged, and carrier a-ketobutyric acid (10 mg.) and excess 2,4-dinitro- 
phenylhydrazine were added to the supernatant fluid; the 2,4-dinitrophenylhydra- 
zone was isolated and twice recrystallized. 

All samples were plated, at “infinite thinness,’ on aluminum planchets, and their 
radioactivity, corrected for background, was determined in a gas-flow counter in the 
Geiger region. 

Deamination Experiments.—The composition of the incubation mixtures and the 
experimental conditions were similar to those described for the isotope experiments. 
At the end of the incubation, the mixtures were centrifuged, and the ammonia con- 
tent of the supernatant fluid was determined by a modified Conway procedure.'° 

Two-dimensional Paper Chromatography.—0.05 ml. portions of solution B from the 
isotope experiments and of the supernatant fluid from the deamination experiments 
were examined. Solvent system I has used to develop the chromatograms in the 
first dimension, and solvent system II for the second dimension. The chromato- 
grams were sprayed with ninhydrin to detect amino acids, and, in the isotope experi- 
ments, chromatograms also were examined by radioautography'! (time of exposure 
to X-ray film, 2 months). 


RESULTS AND DISCUSSION 


As may be seen from the data in Table 2, little C'‘ is incorporated into the “ washed 
cells” by either strain. A small amount of the C'-threonine degraded by the 
bacterial preparations can be accounted for as a-ketobutyric acid, which, pre- 
sumably, is formed by the action of L-threonine dehydrase.'? Strain 8/G catabolizes 
threonine less rapidly than does strain 8/G/T, but it forms significantly more a- 
ketobutyric acid. 


TABLE 2 
Resu.ts or Isororpe EXPERIMENTS 
Srrain 8/G/T Strain 8/G 
Total C™ Per Cent of Total C™ Per Cent of 

MATERIAL ANALYZED in C.P.M.* Initial C'™ in C.P.M.* Initial C™ 
Initial incubation mixture 2.34 X 108 a 2.05 X 108 aly 
“Washed cells’’ .06 * 105 5 1.19 & 105 5.8 
Supernatant fluid (solution B) .71 X 108 7: 1.15 X 108 56 
Threoninet 43 X 108 ‘ 1.01 X 108 
Glycinet .74 X 105 act: 
a-Ketobutyric acidt .88 X 10* : 5.73 X 104 
Acetaldehyde t 0 0 
COct 3.12 X 104 oe Ca. 390 Ca. 0.02 


Two-dimensional paper chromatograms: 
Ninhydrin-positive amino acids Threonine and glycine Threonine 
Radioactive amino acids Threonine and glycine Threonine 


* Calculated for the entire incubation mixture. 

t Combined fractions from column chromatography of solution C. Analysis of samples isolated after the 
addition of carriers indicated that for strain S/G/T at least 88 per cent, and for strain S/G at least 97 per cent, 
of the C' in the column eluates was present as the amino acids. 

t Analyzed as derivatives isolated from solution A (see text). 
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In the isotope experiment with strain S/G/T, the elution diagram obtained by 
column chromatography showed two major radioactive peaks; the first, and larger, 
peak corresponded to threonine, and the second peak to glycine. C' analysis 
(Table 2) indicated that at least 24 per cent of the carboxyl- and a-carbon atoms 
of labeled threonine supplied to strain S/G/T is converted to glycine. The mecha- 
nism by which this conversion occurs is unclear, since no radioactive acetaldehyde 
was detected. 

Unlike strain 8/G/T, strain S/G apparently does not form glycine from labeled 
threonine. The elution diagram from the experiment with strain S/G showed 
only one radioactive peak, corresponding to threonine. Although it is possible that 
strain S/G converts threonine to glycine and then immediately catabolizes the 
glycine, this possibility is rendered unlikely by the fact that no major radioactive 
compound (other than threonine) was detected by any of the analytical procedures 
employed. 

In the isotope experiment with strain S/G, paper-chromatographic examination of 
all the fractions collected subsequent to the elution of threonine from the column 
showed them to be devoid of glycine. The observation that strain S/G destroys all 
the glycine initially present in the incubation mixture was unexpected, since resting 
cell suspensions of strains S/G and 8/G/T had been found to deaminate glycine at 
the same rate. Consequently, the ability of the two strains to produce ammonia 
from t-threonine, from glycine, and from a mixture of the two was examined under 
conditions similar to those used in the isotope experiments. Again, lyophilized 
preparations of the two strains were found to deaminate glycine at the same rate. 
With strain S/G, the amount of ammonia formed (4.70 micromoles) from the mix- 
ture of 2 micromoles of glycine and 10 micromoles of L-threonine is equal to the sum 
of the ammonia formed from glycine alone (1.49 micromoles) plus that formed from 
threonine alone (3.11 micromoles). In agreement with the results of the isotope 
experiment, after strain S/G has acted on the mixture, no glycine can be detected 
by paper chromatography in the incubation mixture. On the other hand, paper- 
chromatographic analysis indicates that the action of strain S/G/T on the amino 
acid mixture does not cause the complete destruction of glycine. It is also of interest 
that strain S/G/T produces much less ammonia (5.44 micromoles) from the amino 
acid mixture than would be expected on the basis of the ammonia produced when 
each amino acid is tested separately (1.50 micromoles from glycine and 4.90 micro- 
moles from threonine). 

The data from the isotope and deamination experiments suggest that the presence 
of L-threonine may inhibit the destruction of glycine by strain 8/G/T but not by 
strain S/G. Whether these conclusions have any bearing on the threonine-glycine 
relationships in growing cultures is uncertain. However, it is possible that strain 
S8/G/T can grow on threonine not only because of the ease with which it converts 
threonine to glycine but also because preformed threonine may inhibit the deamina- 
tion of newly formed glycine. 

Until similar isotope and deamination experiments have been carried out with 
the wild-type strain K12, it is not possible to decide which, if either, of the auxo- 
trophs has inherited the metabolic ability of the parent prototroph. Preliminary 
experiments indicate that lyophilized preparations of strain K12 can effect a very 
small net synthesis of glycine from an exogenous source of (unlabeled) threonine. 
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Thus the available data suggest that if growing cultures of Z. coli synthesize glycine 
from endogenous threonine, the synthesis would not be sufficiently rapid to support 
the growth of auxotrophs unable to derive glycine and serine by another pathway. 
This is clearly the situation that obtains during the growth of serine-glycine auxo- 
trophs of strain K12.* ¢ 


SUMMARY 


A study has been made of the ability of lyophilized preparations of a serine- 
glycine auxotroph and of a serine-glycine-threonine auxotroph of £. coli strain K12 
to form glycine from L-threonine. Only the strain capable of growing on L -threonine 
was found to effect this synthesis under the experimental conditions employed. 


* This study was aided by grants from the Nutrition Foundation and the Rockefeller Founda- 
tion. The data presented were taken in part from a dissertation presented by Dorothy A. Miller 
to the Faculty of the Graduate School of Yale University in candidacy for the degree of Doctor 
of Philosophy. 

t Nutrition Foundation Fellow, Yale University. 
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STERILE INDUCTION OF CROWN-GALL TUMORS 
ON CARROT TISSUES IN VITRO* 


By Ricuarp M. Kien ANp JoHN L. Knupp, Jr. 


NEW YORK BOTANICAL GARDEN, NEW YORK, AND CHEMICAL ENGINEERING DEPARTMENT, UNIVER- 
SITY OF NEW MEXICO, ALBUQUERQUE, NEW MEXICO 


Communicated by William J. Robbins, December 13, 1956 


INTRODUCTION 


Studies on the etiology of crown gall have shown that the transformation of nor- 
mal plant cells into crown-gall tumor cells may be divided into at least three phases, 
each requiring the action of chemical agents on the affected cell.! The first of these 
phases, conditioning, involves the activation of healthy cells by agents usually pres- 
ent in plant sap. Once conditioned, cells are acted upon by a tumor-inducing 
principle (T-iP) which appears to be a metabolic product of virulent crown-gall 
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bacteria. The incipient tumor cells resulting from this induction by T-iP are 
promoted during the third phase by growth substances of the indoleacetic acid type 
which are derived either from the bacteria or from the affected cells. Elimination 
of any of these steps, alterations of their sequence, or modifications in the presenta- 
tion time of their action prevents or severely impairs the induction and development 
of tumor cells. 

The nature of the factors required for conditioning, although currently unidenti- 
fied, are under investigation, and the necessity for indoleacetic acid in tumor-cell 
promotion has been demonstrated. The composition of T-iP, on the other hand, 
is still obscure. As an introduction to its characterization, it became necessary to 
obtain its synthesis by the bacteria in vitro and to develop a quantitative bio-assay 
for its activity. Klein? reported that in vitro bacterial synthesis of T-iP occurs in a 
medium containing unheated plant sap but not in heated sap or in synthetic me- 
dium. This preliminary report was qualitatively confirmed by Manigault et al.,* 
who found in addition that T-iP could be concentrated by high-speed centrifugation 
and was inactivated by deoxyribonuclease (DNase). 

Since the appearance of our initial report, more precise in vitro systems for 
studying the synthesis and activity of T-iP have been developed. Although the 
work is still in progress, the general techniques—as well as some specific findings 
relative to tumor-cell formation—are reported in this paper. 

GENERAL TECHNIQUES 

Pretreatment.—Disks of young secondary phloem from carrot roots known to re- 
act strongly to tumor formation (designated “SR disks’’*) were isolated aseptically.® 
The disks were allowed to heal by placing them, cambial-adjacent side up, on the 
surface of White’s tissue-culture medium supplemented with 10~7 gm/| naphthalene- 
acetic acid for three days, a period determined to give optimal results in subsequent 
treatment. Disks healed on unsupplemented White’s agar or on medium supple- 
mented with coconut milk showed less tumor formation following sterile tumor in- 
duction. The disks were then exposed to agents known to be active in tumor-cell 
formation by transferring them into sterile test tubes containing these agents. In 
all reported experiments, the proper etiological sequence of exposure, i.e., condition- 
ing, induction, and promotion, was maintained. Unreported experiments in which 
steps were eliminated or the order of exposure was altered invariably resulted in 
the failure of treated disks to form tumors. The incubation temperature was main- 
tained at 26°-27° C. Sterility checks were routinely made into nutrient broth. 

Conditioning.—Healed disks were transferred into sterile test tubes containing 
1.5-2.0 ml. of plant sap and conditioned® for 24 hours. The conditioning factor(s) 
was not species-specific. The sap of numerous plants, including beet, parsnip and 
carrot roots, potato tubers, and herbaceous stems, contains this factor. The con- 
ditioning factor was not found in extracts of malted barley. 

When carrot roots were used as the source of the required factor, the juice was 
expressed from roots known, by previous bio-assay, to react strongly to tumor for- 
mation, since the conditioning factor is absent or in suboptima] amounts in carrots 
that react weakly to tumor formation.‘ The sap was expressed in a Carver hy- 
draulic press after macerating the tissues in a meat chopper. It was clarified at 
10,000 X g, filtered through a No. 01 Selas porcelain filter candle, dialyzed against 
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0.001 M phosphate buffer, pH 7.0, to remove some unidentified toxic substance 
that causes browning of the tissues, and finally sterilized by successive passages 
through Nos. 015, 02, and 03 Selas filter candles. 

Induction.—The unheated plant sap or extract required for the bacterial synthe- 
sis of tumor-inducing principle (containing a factor(s) designated “T-iP synthesis 
factor’) was dialyzed against 0.001 M phosphate buffer, pH 7.0, glucose was added 
to a final concentration of 1.0 per cent, and the sap was sterilized by filtration 
through Selas filter candles. Fifty- to 75-ml. aliquot po: tions were inoculated with 
ca. 108 cells of a log phase nutrient-broth culture of Agrobacterium tumefaciens 
strain B6.2. The culture was shaken at 26° C. for 12-18 hours, clarified by 
centrifugation, dialyzed for several hours against 0.001 M phosphate buffer, pH 
7.0, to remove toxic components, and finally sterilized by filtration. The T-iP 
synthesis factor was not host-specific and was present in beet sap and other plants. 
It was present in both weak and strong reactor carrots. A freshly prepared extract 
of malted barley was the best source tested for the T-iP synthesis factor (Table 1). 
It was prepared by grinding malted barley in three times its volume of 0.001 M 
phosphate buffer, pH 7.0, in a Waring Blendor and collecting the supernatant after 
centrifugation. The use of carrot sap or extract of malted barley diluted below 1:1 
resulted in a less active preparation of T-iP. 

The healed and conditioned carrot disks were transferred to test tubes containing 
2.0 ml. of sterile culture fluid containing the T-iP and were incubated for 24 hours. 
The induction step was repeated twice at 24-hour intervals using freshly prepared 
T-iP (Table 2). More frequent renewals might be better, since crown-gall bacteria 
undoubtedly synthesize T-iP in the host plant constantly as long as the synthesis 
factor is available. The T-iP in the culture fluid was inactivated at 8° C. in its 
present crude state within 18-24 hours. 


TABLE 1 


Source OF THE T-1P SyNTHEsIS Factor AFFECTING THE BACTERIAL 
SYNTHESIS OF TUMOR-INDUCING PRINCIPLE 
Percentage Percent- 
° age of 
Disks Disks 
Forming Forming 
Crown- Crown- 
Gall Gall 
Tumors* Tumors* 
Sap from tumor-susceptible carrot 64 Autoclaved extract from malted 0 
roots barley 
Sap from tumor-insusceptible car- 64 Commercial malt extract 0 
rot roots Sap from carrot roots heated to 29 
Sap from beet roots 55 80° C. for 10 min. 
Extract from malted barley 75 
* All disks previously conditioned and subsequently promoted. 


TABLE 2 


Time oF Contact oF TUMOR-INDUCING PRINCIPLE WITH 
CONDITIONED Carrot Disks AFFECTING 
THE FORMATION oF TUMORS* 
Percentage of Disks Percentage of Disks 


Forming Crown-Gall Forming Crown-Gall 
Hours Tumorst Hours Tumorst 


0 0 72 70 
24 13 96 46 
48 40 


* Tumor-inducing principle freshly prepared for each 24-hour period. 
t All disks previously conditioned and subsequently promoted. 
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Promotion.—Indoleacetic acid, or compounds with similar biological activity, 
seem to be required to promote T-iP-treated cells into primary tumor cells.” * It 
has been determined that 1-5 X 10~* M indoleacetic acid at pH 7.0 acting for 48- 
72 hours gave optimal results. The healed, conditioned, and T-iP-treated carrot 
disks were transferred into test tubes containing 1.5 ml. of indoleacetic acid for this 
period of time. 

Growth and Isolation of Tumor Tissue.—Following the treatments leading to 
tumor-cell formation, the disks were transferred, cambial-adjacent side up, to tubes 
of unsupplemented White’s tissue-culture medium. After 20-30 days of incuba- 
tion, the percentage of disks showing crown-gall development was determined. 
Since callus formation on carrot phloem is very slight on this medium,’ visual in- 
spection was satisfactory. 

We believe that the tumors which developed on carrot disks following the above 
procedure are true crown-gall tumors. When excised from the carrot disks and 
transferred to fresh, unsupplemented White’s medium, the tumors continued to pro- 
liferate and have been carried for over 19 monthly transfers without significant re- 
duction in their rates of growth. Callus tissue, unless grown on a medium contain- 
ing growth substances (indoleacetic acid, coconut milk), ceases to grow after two 
to three transfers. In no experiment, however, did the rates of growth of the 
sterile crown-gall tumors approach that of carrot tumors induced by the bacteria. 
The excised crown-gall tumors were insensitive to or inhibited by a wide range of 
indoleacetic acid and naphthaleneacetic acid supplements and by coconut milk but 
were never stimulated. This is characteristic of many crown-gall tumors and is 
distinctly atypical of callus tissues of carrot. Another available criterion for 
crown-gall tumor tissues, i.e., the ability of the tissue to grow autonomously as 
tumor tissue when grafted into healthy tissue,? has not been fulfilled for these 
sterile carrot tumors, although we had demonstrated graft autonomy with tomato.’ 
Preliminary grafting experiments have been inconclusive because of technical diffi- 
culties arising in attempts to graft tumor tissues into the tissues of carrot roots. 
Experiments utilizing other species of Daucus possessing graftable stems are con- 
templated. 

DISCUSSION 

The general technique outlined above has regularly resulted in 60-80 per cent of 
the treated disks forming crown-gall tumors. We have not, however, obtained 100 
per cent induction in any experiment. During the development of this procedure 
we have increased the percentage of disks forming tumors from 25-35 per cent to its 
present value. Since all disks were capable of tumor formation if inoculated with 
crown-gall bacteria, further modification of the technique is necessary. 

Several additional significant findings on tumor induction have been made. Of 
primary importance is the inactivation of T-iP by DNase (Table 3), a finding that 
confirms Manigault’s note* and reinforces our earlier, indirect evidence that it is a 
deoxyribonucleic acid.!':'* Since it may be collected by centrifugation,® is non- 
dialyzable, and its general chemical composition is now known, the eventual isola- 
tion and purification of T-iP may be in sight. 

Our experiments show that a conditioning step using plant juice is an absolute 
requirement for tumor formation on unwounded or healed tissues and suggests that 
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the juice contains some factor(s) acting specifically during this phase. The increase 
in the percentage of tumors formed when the disks were healed on a medium con- 
taining naphthaleneacetic acid relative to the tumor formation on disks healed 
without growth-substance supplements suggests that conditioning may require 
several etiological agents. The sources and properties of the factors in plant sap 
required for condititioning and of those for the synthesis of T-iP show that they are 
not identical. Their chemical nature is currently under investigation. 


TABLE 3 


STABILITY OF T-1P SYNTHESIZED IN PRESENCE 
or Carrot Sap 


Percentage Percentage 
of Disks 


of Disks 
Forming 


Forming 
Crown- Crown- 
Gall 


Gall 


Treatment Tumors* Treatment 
Control 67 Heat treatment of T-iP: 
Deoxyribonuclease treatment, 0.1 mg/ 0 34° C. for 30 min. 67 
ml for 60 min. 50° C. for 60 min. 0 
Supernatant remaining after acid (pH 58 100° C. for 5 min. 0 
5.0) precipitation of protein 
Synthesis of T-iP at 34° C. 0 


* All disks previously conditioned and subsequently promoted. 


Tumors* 


It has been postulated that the failure of tumors to form on inoculated plants 
held at 32°-33° C. rather than at 25° C. was due to the heat lability of the T-iP 
molecule.” Our results indicated that T-iP is not highly labile at these tempera- 
tures but that it is probably not synthesized by the bacteria at the higher tempera- 


tures (Table 3). 
SUMMARY 

A technique has been developed for the in vitro synthesis and bio-assay of the 
tumor-inducing principle, the pre-eminent factor active in the transformation of 
normal plant cells into crown-gall tumor cells. This synthesis can occur only in the 
presence of a heat-labile “synthesis factor’ present in a number of plants. Both 
indirect and direct evidence suggests that the tumor-inducing principle is a deoxyri- 
bonucleic acid. 


* Work supported in part by a grant from the American Cancer Society, recommended by the 
Committee on Growth, National Research Council. We are indebted to Mrs. Ida Tenenbaum 
and Mrs. Grace Groves for technical assistance and to Drs. Deana T. Klein and W. J. Robbins 
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THE STRUCTURE OF ALPHA KERATIN* 
By Maurice L. Hueains 
RESEARCH LABORATORIES, EASTMAN KODAK COMPANY, ROCHESTER, NEW YORK 


Communicated by W. A. Noyes, Jr., November 23, 1956 


Keratin in the unstretched (a) form gives X-ray photographs’ ? which resemble, 
in their main features, those from the a forms of the synthetic polypeptides. With 
most samples, only a few reflections appear, and they are relatively diffuse. This 
can be attributed to less regularity of structure, resulting from variation in the R 
groups. 

One is tempted to assume® the a-keratin structure to consist of helices of the 13- 
atom-ring type,* ° in a close-packed arrangement. There are several difficulties 
with this assumption, however, of which three will be mentioned. 

Difficulty 1—The assumed structure does not account for the strong meridional 
reflection, corresponding to an interplanar distance of about 5.2 A. This is some- 
what less than the 5.4 A translation in the direction of the helical axis in the Pauling- 
Corey model. Although strong near-meridian reflections, corresponding to dis- 
tances slightly less than 5.4 A, would be expected, the intensity on the meridian 
should be zero. 

Difficulty 2.—The calculated density is too low. Taking the 1.49 A meridional 
reflection? * as the shift in the fiber direction per residue and the strong 9.8 A 
reflection (really a composite reflection? with principal components at 9.2 and 10.5 
A) as having indices 10.0 (relative to the pseudo unit for a strictly close-packed 
structure), the experimental estimates” * of average residue weights (112-120 for 
wool, hair, and horn keratin) give a calculated density of 1.13-1.21 gm/ce. The 
experimental density is 1.32 gm/ce. 

Difficulty 3—Without additional assumptions, the assumed structure does not 
account for other observed equatorial reflections, including those at 27, 41, and 81 A, 
or for various strong meridional reflections, corresponding to a unit translation of 
198 A.* 9, 10 

To account for the 5.2 A meridional reflection, Crick' '* has proposed that a- 
helices of the 13-atom-ring type are so distorted that two or three of them twist 
spirally around a common axis. (See also Lang.'*) Crick’s argument that this 
could make the side chains of adjacent helices fit together better is reasonable. The 
sequence of the residues and so of the side-chain distribution can reasonably be 
related to the periodicity of the superhelix. The density difficulty is not eliminated. 
With regard to Difficulty 3, it seems possible, in principle, to account for the long 
meridional spacings of the X-ray pattern, but just how this can be done has not 
been worked out, nor has any explanation been offered for the long spacings of the 
equatorial pattern. Moreover, a new problem is introduced: 

Difficulty 4.—The a-to-8 transformation requires, in addition to the breaking and 
remaking of hydrogen bonds, the uncoiling of each superhelix, against large frictional 
forces, of the surrounding helices. Also, practically all cystine or other interchain 
crosslinks between chains in different superhelices would have to be broken in the 
process. Since cystine crosslinks would not be expected to be broken under these 
conditions, it must be assumed that all such crosslinks are between chains in the 
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same superhelix. (About one residue out of nine, on the average, is a “‘half-cystine,”’ 
connected to another half-cystine residue. These connections have usually been 
considered to be between residues in different chains.) 

Pauling and Corey" have proposed an a-keratin structure in which six distorted 
13-atom-ring helices are coiled around one such helix to give a seven-strand cable, 
these cables and single helices (two for each cable) being placed in a hexagonal 
pseudo-unit cell of edge length 32.4 A. Expected X-ray reflections would include 
those corresponding to distances of 28.1, 10.6, and 9.4 A, in reasonable agreement 
with observed reflections at about 27, 10.5, and 9.2 A (MacArthur?). The 5.2 A 
meridian reflection is explained in the same way as by Crick for his model. Side- 
chain distributions might conceivably account for the longer meridional and 
equatorial spacings. The calculated density is 1.24—1.32 gm/cc for assumed average 
residue weights of 112-120 units. The agreement with the observed density (1.32) 
is only fair, since the average residue weight, in the samples giving the X-ray data, 
was probably 116 or less. As Pauling and Corey suggest, a small amount of water 
incorporated in the structure would account for this discrepancy. Also, since 
Elliott'® has shown, by infrared spectrum evidence, that natural keratin contains 
large percentages of amorphous material, together with some having the 8 structure, 
mixed with the @ material, the discrepancy cannot be considered very serious. 
Both the density and the average residue weight in the a regions may be different 
from the over-all averages. 

Difficulty 4 applies to the Pauling-Corey model even more than to that of Crick. 
Uncoiling of the superhelices during the a-to-6 transformation would be expected 
to be very difficult. Unless cystine crosslinks are broken in the process, all such 
crosslinks must be between chains in the same cable. The single helices could not be 
crosslinked to any others. 

Difficulty 5—The polypeptide chains, in the Pauling-Corey model, are of three 
quite different types, as regards the way in which they are surrounded by others. 
No explanation of this violation of the principle that like groups tend to be sur- 
rounded in like manner has been offered. 

A new model, which avoids the difficulties which have been cited, is here sug- 
gested. Let us, as a first approximation, assume close-packing of (right-handed) 
polypeptide helices, with the distance between helix axes about 9 A. Instead of 
assuming that two or three or more of these helices cozl spirally around a common 
axis, let us just consider them to be grouped into triplets, with the residue sequence 
patterns in each polypeptide helix shifted and rotated, relative to its two neighbors 
in the same triplet, in such a way as to place equivalent residues around a threefold 
screw axis—the triplet axis. The interchain packing within each triplet would be 
expected to be more efficient than between chains of different triplets; hence the 
distances between chain axes within each triplet should be somewhat less than the 
distances between adjacent chains of different triplets. 

Most efficient packing of the triplets can be achieved if they, in turn, are grouped 
around a common threefold axis to form “triple triplets” or ‘“‘nonets.’”’ The prin- 
ciple that like groups tend to be surrounded in like manner gives two possibilities 
with regard to the three chains closest to the nonet axis: (1) like residues may be at 
the same level or (2) like residues may be arranged in regular spirals around the 
common threefold (screw) axis. The latter alternative would be expected to give 
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the better packing. Carrying this idea still further leads to the structure repre- 
sented in Figure 1. 

The unit of structure contains 81 chains in three equivalent groups of 27 chains. 
Taking the unit distance, a, as 95 A (to give the experimental density of 1.32 gm/cc, 
if the average residue weight is 114 and the average translation per residue is 1.49 A), 
the calculated distances for forms 10.0, 20.0, 30.0, 63.0, and 90.0 are 82, 41, 27.4, 
10.4, and 9.1 A, respectively, in good agreement with the observed reflections (Mac- 
Arthur?) at 81, 41, 27, 10.5, and 9.2 A. Equatorial reflections with other indices 
would be expected to be weak or to be included in the broad composite reflections 
observed": * '4in the 9-10 and 3-5 A regions. 





/\ 
o b—_D-“Q--- 
, ‘ 


A Nonet axis 


A. 27-choin oxis 
Ny / \ Axes between three 


27-chain groups 





Fia. 1.—Diagrammatic representation of the structure proposed for a-keratin. 


In addition to irregularities within each chain, related to differences between the 
side chains of the various residues, one would expect small shifts of the individual 
chain axes from their “ideal”’ positions toward the triplet axes (as already noted) and 
also a slight twisting of each triplet around the triplet axis (but not a continuous 
coiling, for reasons which have been mentioned). Similar, but smaller, shifts might 
occur within the 9-chain and 27-chain groups and around the threefold axes (simple 
and screw), where three 27-chain groups come together. To these shifts and twists 
(and probably also to the distribution of crosslinks, to be discussed below) can be 
attributed the reflections corresponding to the large unit cell. Unless arbitrary 
assumptions are made as to the magnitudes of the shifts, it is impossible to compute 
intensities for the different reflections. 

The pattern proposed is not incompatible with the coiled-coil proposal of Crick. 
Each triplet might be a coiled-coil. Perhaps, also, three of these triplets might coil 
around their common axis and three of the nonet coiled-coiled-coils might do like- 
wise, the rates of twist being suitably co-ordinated with one another. The present 
proposal, however, does not eliminate the objections to the coiled-coil hypothesis 
(Difficulty 4). Without continuous coiling, there might still be co-ordinated twist- 
ing of the groups of chains for relatively short distances (in the fiber direction), then 
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some structure irregularity (such as a change in the type of chain helix or an irreg- 
ularity connected with the insertion of a proline residue) to relieve the interchain 
stresses resulting from poorer packing or to make interchain crosslinks possible, then 
further co-ordinated twisting, another structure irregularity, etc., as represented 
diagrammatically in Figure 2. 


Discontinuous 
helix 


Cc 
° 
= 
A 
yn 
Cc 
oO 
~~ 
ic 


Continuous 
helix 








Rotation around triplet axis 


Fie. 2.—Diagram illustrating the discontinuous helix concept. 


The relative displacements of the polypeptide chains in the fiber directions, in- 
dicated in Figure 1, are such as to make like groups surrounded in like manner, in so 
far as possible. Other relative displacements might give better over-all packing or 
better crosslinking between chains, however. The relative heights of like residues 
may follow a more complicated pattern than that indicated, but the X-ray evidence 
indicates that the grouping of the chains into triplets, nonets, etc., is maintained. 
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The pattern shown is based on the assumption that the residue sequences in all 
chains have the same polarity. This gives better agreement with the principle 
that like groups tend to be surrounded in like manner than would any pattern which 
the writer has been able to find, which accounts for the X-ray data. Perhaps this 
is related to the fact, already mentioned, that in 8-keratin the X-ray data seem to 
indicate a structure with parallel (rather than antiparallel) orientations of the 
chains. 

In the pattern proposed, each chain is adjacent to one other, in the same 27-chain 
group, in which corresponding residues are at the same height. This is indicated 
by dashed and dotted lines in the figure. It is suggested that the cystine crosslinks 
are between such pairs of chains. 

In order to conform as closely as possible to the principle that like groups tend to 
be surrounded in like manner, half the axes centering three 27-chain groups must be 
simple (non-screw) threefold axes. This places like residues in three adjacent chains 
on the same level. Better packing in the actual structure might be achieved by 
shifting the 27-chain groups, relative to each other, by unknown amounts in the 
fiber direction, even though this destroys both the simple threefold axes and the 
threefold screw axes, where the 27-chain groups come together. 

The unit distance in the fiber direction appears to be ® ' about 198 A, correspond- 
ing to 133 or 132 residues, if the average shift per residue is 1.49-1.50 A. (Irreg- 
ularities of structure, such as must occur in the vicinity of proline residues, make a 
precise calculation of the number of residues in the repeating unit impossible.) 
About fifteen of these residues are “‘half-cystine” residues.” * For cystine cross- 
linking between adjacent chains, having corresponding residues at the same level, 
the spacings between the crosslinks must be, at least approximately, multiples of the 
shift in the fiber direction per turn of the polypeptide spiral. (The expected bond 
distances and angles in these crosslinks" are such that their attachments to the main 
chains must be close to the points at which those chains come closest to each other.) 
This line of reasoning suggests that the 5.2 A meridional reflection is due to the 
crosslinks. If so, the translation per turn is somewhat less than the 5.4 A assumed 
in the interpretation of the X-ray data from synthetic polypeptides. Perhaps, to 
give most effective crosslinking, the helical chains have just 3.50 residues per turn, 
instead of the 3.6 in the synthetic polypeptides. This would be possible, without 
much strain, for the 13-atom-ring helix* ® or for the 11-atom-ring helix.” (It seems 
likely that the departure from peptide group planarity, for the latter structure, 
would be less on this basis than was calculated on the assumption of 3.6 residues and 
5.29 A displacement per turn.) Another possibility is that, where irregularities 
(such as those at proline residues) occur, the translation per turn is enough shorter 
than the value for the regular structure to bring the average down to 5.2 A. 

Further details of the structure and its X-ray diffractions depend on the distri- 
bution of residues of the different types. Although the approximate relative 
numbers” § for several classes of keratin are known, their sequence has not been 
determined. It is possible, moreover, that the distribution in the crystalline por- 
tions, having the a structure, is not the same as the over-all distribution. We 
do not know whether the proline residues, for example, which constitute about 8 per 
cent of the total, occur in the crystalline regions (producing structural irregulari- 
ties, as suggested above) or exclusively or predominantly in the amorphous regions. 
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THE STRUCTURE OF COLLAGEN* 
By Maurice L. Huaains 


RESEARCH LABORATORIES, EASTMAN KODAK COMPANY, ROCHESTER, NEW YORK 
Communicated by W. A. Noyes, Jr., November 23, 1956 


Many models have been proposed for the structure of collagen. The older ones, 
however, have all been shown to be in definite contradiction with experimental 
facts. 

Recently, Rich and Crick! and Ramachandran? have made new proposals, in- 
volving 3-chain coiled-coils, which avoid some of the difficulties of their earlier 
models. In the writer’s opinion, there is little chance that these new proposals 
are correct or even approximately so. Since only half the NH groups in each main 
chain are hydrogen-bonded (unless to unspecified side chains), these structures con- 
form neither to the principle that hydrogen bonds are formed wherever possible nor 
to the principle that like groups tend to be surrounded by close neighbors in like 
manner.’ Also, since pulling out the chains into an extended zigzag arrangement 
would lengthen the structure by only 25 per cent, there seems to be no way of ex- 
plaining the large extensions (at least 7- or 8-fold) of the band pattern occasionally 
observed in the electron microscope pictures. * 

The writer® has proposed a structure which agrees with the primary requirements 
of the X-ray data,® gives maximum hydrogen bonding, permits about 3'/.-fold 
extension without breaking of primary bonds, and has various other advantages. It 
has one serious disadvantage, however: half the CO-NH groups have the cs orien- 
tation. This seems to be in contradiction to the infrared evidence.’ 

A new structure, recently discovered, has only trans orientations of the CO-NH 
groups and seems satisfactory from other points of view, judging from a model 
made approximately to scale. (Precise co-ordinates have not yet been deduced.) 
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In conformity with the X-ray data, the polypeptide chain is assumed to be helically 
coiled, 30 residues per three turns and per 28.6 A, with the residues in groups of 
three. In the “idealized” structure, each group of three residues contains one 
glycine residue, one proline or hydroxyproline residue, and one of another type. 
The pattern of bonds and hydrogen bonds is as indicated in the formula diagram 


H O H H 
—C—C--N—C0—CO—-N—CH—O-—_-N—0-0-- 8-0-0 | 
H 2 ee ee es H 12°61 348 H 

; ea ok a 


which shows two three-residue groups, and in Figure 1 levo orientations at the asym- 
metric carbon atoms produce a left-handed spiral. 

All the peptide N—H groups are hydrogen-bonded to carbonyl oxygen atoms of 
other peptide groups. The rings so formed contain 10 atomseach. The N—H and 
C=O bond orientations appear to be in agreement with the infrared data,’—" as 
far as can be determined from the model. 

The analytical data! (Table 1) show that very close to one-third of the total 
number of residues are glycine residues, —_NH—CH,—CO-—, in agreement with the 


TABLE 1 
ComMPOSITION OF COLLAGEN 
Amino Acid Number of Residues per 
(by Hydrolysis) —R 100 Residues 

Glycine -H 33.19 
Alanine —CH; 9.77 
Valine —CH(CH;3)» 2.66 
Leucine -CH:CH(CH;). 3 91 
Isoleucine —CH(CH;)CH2CH; { : 
Phenylalanine —CH,(CsH;) 39 
Methionine —CH:CH.SCH; .49 
Serine —CH,OH .93 
Threonine —CH(CH;)OH 76 

50 


Tyrosine —CH, 


w 


5.19 


Proline 

Hydroxyproline 

Glutamic acid —CH.CH:,CO.H 

Aspartic acid —CH,.CO.H 

Arginine —CH2CH,CH2NHC(NH:2)==NH 
Lysine —CH»,CH2,CH.N H. 
Hydroxylysine —CH,CH,CH(OH )CH2N He 


Histidine —CH.CE __ CH 
NH 


00\ 21.79 

78 

04 33.15 
32/ 11.36 

52 


81 


| ie coc rNCoe 


o 6 

_ 

* 8 
2) 
=e 
i? 2) 


Total 100.00 


model. The proline and hydroxyproline residues together constitute only about 
22 per cent, but perhaps the residues which yield aspartic acid and glutamic acid 
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on hydrolysis,'!? when in the native collagen, contain rings which act structurally 
much like proline and hydroxyproline rings. Such rings might be produced by 
hydrogen bonding or by condensation reactions: 


NH; OH 
| | 
C C 
PS é™ 
H.C O H.C O 
| . ft ' 
| H H.C H 


we ~ | | 
—CO—CH—N— —CO—CH—N— —CO—CH—N— 


It is perhaps significant that the sum of the numbers of residues of these four kinds 
is very near to one-third of the total (Table 1). 


Fic. 1.—Diagrammatic representation of the pattern of bonds 
and hydrogen bonds in the proposed structure for collagen. 


Without producing much disruption of the structure, the —NH—CHR—CO— 
residue just to the left of a proline residue (see Fig. 1) can also be made a proline or a 
hydroxyproline residue. This would account for the proline-hydroxyproline se- 
quences which have been found in partial hydrolyzates.'* 

With the model described, the peptide groups can be strictly planar and the 
N—H.---O hydrogen bonds straight. Some other models which have been tried 
seem reasonably satisfactory otherwise but fail in this regard. 

It has already been noted that the band pattern in the electron microscope is 
occasionally stretched, up to seven or eight times its normal length, i.e., to at least 
twice the length obtainable by pulling out the proposed helix into an extended zig- 
zag. This extra stretching can be attributed to regions in which the polypeptide 
chains are irregularly arranged or are arranged in a more extendable pattern, or 
to a reversal of the directions of some chains or portions of chains, as they are pulled 
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out. This could result, for example, if the molecules included two or more helices, 
as indicated diagrammatically in Figure 2. The interhelix connections might be 
cystine or other crosslinks or bends in the main polypeptide chain, such as might 
occur where two proline residues (or a proline and a hydroxyproline residue) come 
together. 


4 


Fig. 2.—Diagram illustrating a possible explanation 
for the very large band pattern extensions observed in 
the electron microscope. 


The model proposed here of course requires further checking and elaboration. It 
is presented tentatively as the model which, in the opinion of the writer, is most 
likely to approximate the true structure. 
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THE CONTRIBUTION OF THE a-HELICAL CONFIGURATION TO 
THE OPTICAL ROTATION OF POLYPEPTIDES 
AND PROTEINS* 


By Paut Dory aNnp R. D. LuNpBERGT 
DEPARTMENT OF CHEMISTRY, HARVARD UNIVERSITY, CAMBRIDGE, MASSACHUSETTS 


Communicated by G. B. Kistiakowsky, December 24, 1956 


Shortly after it was established that polypeptides could exist in solution as rigid, 


rodlike a-helices as well as randomly coiled chains,' it became evident that the opti- 
cal rotation of the helical form was substantially more positive than that of the 
randomly coiled form. For a while it seemed possible to explain this effect either 
as a result of the change in the environment of the optically active residues in the 
two configurations or as arising from the existence of a single screw sense in the heli- 
cal configuration which could then make a contribution to the optical rotation inde- 
pendent of the contribution made by the optically active residues. Within the 
last year three different experiments have demonstrated that the stable helical 
configuration is exclusively of one screw sense, that is, right-handed or left-handed. 
In one experiment it was shown that the rotatory dispersion was normal for the 
randomly coiled configuration and abnormal for the helical form.? This unusual 
effect could not arise simply from the changed environment of the optically active 
centers. In another experiment it was shown that the racemic polypeptide formed 
by using L-polypeptide to initiate the polymerization of a p,L N-carboxyanhydride 
was itself optically active.* This showed clearly the preservation of at least some 
of the screw sense characteristic of the t-polypeptide in the grafted racemic poly- 
peptide and the association of optical activity with the helical configuration. Ina 
third experiment the optical rotation of a series of copolymers of p- and L-residues 
was shown to increase linearly as the concentration of p-residues increased from zero 
to 10-30 per cent.“ Extrapolation from this linear region to 50 per cent D-resi- 
dues yielded a positive value which was an estimate of the optical rotation of a helix 
composed of racemic residues. As a consequence of these experiments, there re- 
mains no doubt that the difference in rotation between the helical and randomly 
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coiled forms is due primarily to the contribution to the optical rotation of the helical 
configuration itself, a contribution that has only one screw sense, presumably right- 
handed.*~* ! 

The observed difference in rotation exhibited by the two configurations does not, 
however, measure the contribution of the helical configuration to the optical rota- 
tion, because the intrinsic residue rotations may be quite different in one configura- 
tion than in the other, and the solvent effect alters the rotation, particularly in the 
randomly coiled form, to a substantial and unpredictable extent. The purpose of 
this communication is to establish precisely the rotatory dispersion of a racemic 
polypeptide in the a-helical configuration having a single screw sense, that is, of a 
polypeptide whose optical activity is derived only from its helical configuration. 

From previous studies of rotatory dispersion of polypeptides of optically active 
amino acids,” * ! !! it is clear that both a normal and an anomalous dispersive term 
are required to represent the data when a substantial amount of the helical form is 
present. These two terms are shown in the following equation, which provides a 
close fit for all data thus far obtained.® 


3 My AgAo” + é bodAo! 
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where [m’] is the effective residue rotation (independent of refractive index of the 
solution, n); [m] is the residue rotation (Mo being the molecular weight of the mono- 
mer unit); and [a] is the specific rotation defined in the usual way. Thus the evalu- 
ation of three constants, a, bo, and Xo, is required for the characterization of the 
rotatory dispersion. 

From theoretical investigation of the optical properties of helical macromole- 
cules, it appears that the first term, the normal dispersive term, may have at least 
two components: one or more arising from the intrinsic residue rotation and the 
other from the helical configuration. The second term, the anomalous dispersive 
term, arises only from the helical configuration. Thus, if the rotatory dispersion 
of a racemic helix having a single screw sense could be obtained, ap and by would 
have unambiguous meanings and, moreover, the intrinsic residue rotation of opti- 
cally active residues in the helical configuration could be obtained from the differ- 
ence between the value of ap for the racemic case and the value obtained from the 
rotatory dispersion of the enantiomorph. Perhaps the most useful application of 
such a result would be in the quantitative basis it would provide for the determina- 
tion of the fraction of residues that exist in the helical configuration in protein 
molecules. !° 

The Preparation of Appropriate Helical Polypeptides.—If a polypeptide is prepared 
from a racemic N-carboxyanhydride by the usual polymerization procedure (ini- 
tiation with an aliphatic amine), the product is, of course, optically inactive. 
However, if polymerization is initiated with a preformed polymer composed of L- 
residues and having a helical configuration, the racemic polymer formed is optically 
active, as shown from the increase in optical rotation accompanying the poly- 
merization.* The optical activity of the racemic polymer in this case arises from 
the preferential screw sense imposed on the polymer by the initiating L-polypeptide. 
Further consideration, however, shows that it is unlikely that the screw sense of the 
initiating polymer has been completely preserved in the racemic polymer, hereafter 
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referred to as the grafted polymer. ‘This is evident from the fact that the specific 
rotation of the grafted polymer diminishes with its length (i.e., molecular weight) 
and the observation that, when the polymerization of p-anhydride is initiated with 
L-polypeptide, the screw sense of the initiator is preserved only for about four 
residues, following which there is an inversion of the helix of the grafted polymer to 
the opposite screw sense. This second observation provides an explanation of 
the first. If the occurrence of a sequence of four or more enantiomorphic residues 
causes helix inversion, it follows that inversions can occur in grafted polymer made 
from the racemic anhydride and that the frequency of inversion will increase with 
chain length to the point where the grafted polymer will have lost completely the 
screw-sense preference induced by the initiator and will then approach optical inac- 
tivity. 

As a consequence of these considerations, it appears that the screw sense of the 
initiating polymer could be preserved only by diminishing the concentration of p- 
anhydride relative to L-anhydride to the point where the probability of occurrence 
of quartets and longer sequences of p-residues within the chain length of the grafted 
polymer becomes negligible. Then, by subtracting the rotation due to the excess 
L-residues from the observed rotation of the polymer, the rotation due to the racemic 
residues in a helix of a single serew sense would be obtained. This is the procedure 
we have followed. 

The initiating polypeptide was made by polymerizing the N-carboxyanhydride 
of y-benzyl-t-glutamate in dimethylformamide solution (4 per cent) at an anhy- 
dride-initiator ratio of 15. This value was chosen because it is the lowest for which 
the polymer will be practically all in the helical configuration in a solvent favorable 
to this configuration. Following isolation of the polymer, aliquots of it were used 
as initiator for anhydride of the same composition but of various p-L ratios. These 
polymerizations were carried out at 25° C. in freshly purified dioxane containing 
1.75 gm/100 ce of initiating polymer and sufficient anhydride to increase the degree 
of polymerization of each initiating molecule by 25. In each case the polymeriza- 
tion was allowed to proceed for at least 50 hours to insure completeness of the reac- 
tion. 

The product of each reaction was itself a solution of the desired polypeptide in 
dioxane at 4.05 gm/100 ce concentration. This was transferred to a 2-decimeter 
polarimeter tube, and its optical rotation at twelve wave lengths between 350 and 
750 mp was measured directly in a Rudolph spectropolarimeter. The results are 
listed in Table 1, where fp denotes the fraction of residues of the p-configuration in 
each grafted polymer. The reproducibility of these values fell within the range 
listed in the second column. The observed rotations, converted to specific rotation 
by multiplication by (100/8.1), are plotted in Figure 1. 

The specific rotation of the p-residues and an equivalent number of L-residues for 
each grafted polymer were obtained in the following way. The rotation of the 
initiating polypeptide was considered constant and subtracted from the observed 
rotation. In addition, a subtraction was made for the unmatched L-residues con- 
tained in the grafted polymer. This quantity was computed by multiplying the 
difference between the rotation of the pure L-polypeptide (next to last column) and 
the initiating polypeptide (last column) by the fraction of residues that were un- 
compensated. The specific rotation was then computed in the usual manner. 
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The caleulation is summarized as follows: 
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TABLE 1 


OBSERVED ROTATIONS OF D,L-COPOLYMERS OF POLY-y-BENZYL-L-GLUTAMATE 
INITIATED BY L-POLYMER 
INITIAT- 
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Fic. 1.—-Rotatory dispersion of polypeptide chains containing various proportions of p- and 


L-residues (y-benzyl glutamate). Solvent: dioxane. Figures denote composition of grafted por- 
tion of polypeptide chain. 





The Optical Rotation (Sodium D Line) of a Racemic a-Helix.—The values of the 
specific rotation of the racemic portion of the grafted polymer, [a], are plotted 
in Figure 2 for the wave length 5890 A, the sodium D line. It is seen that the value 
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for 50 per cent p-residues in the grafted polymer is +21° and that the value in- 
creases as the fraction of p-residues decreases, reaching a constant value of +55° 
below 30 per cent. This is the behavior that was anticipated. That is, as the p- 
residue concentration is diminished, the frequency of helix inversion falls rapidly 
to zero, leaving the screw sense of the initiating helix unaltered throughout the 
entire polypeptide. Since the relative importance of experimental errors increases 
as the composition approaches pure L-polymer, the result at 10 per cent p-residues 
has a large uncertainty. We conclude, therefore, that the value of 55° given by the 
polymer having a composition of 20 per cent p (and another polymer, not listed in 
the table, which had a composition of 19 per cent) represents the desired quantity. 
A review of possible errors suggests that the uncertainty of this figure is about 
se 2°, 


THE SPECIFIC ROTATION OF THE RACEMIC COMPONENTS 
OF POLY-®-BENZYL-L-GLUTAMATE SAMPLES PRE- 
PARED BY INITIATION WITH L-POLYPEPTIDES 





Initiating Residues added 
L-polypepfide during second 
polymerization 


OP=15 DP=25 














i 1 
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Fic. 2.—Specific rotation of the racemic components of poly-y-benzyl glutamate samples 
prepared by initiation with L-polypeptides. Solvent: dioxane. 


Before discussing this result, it is perhaps of interest to note that the value of 
[a|?™ for the 50 per cent p-residue case (i.e., +21°) is indeed close to the value that 
would be estimated on the basis of inversion of the helix occurring when sequences 
of four or more p-residues occur in a helix whose screw sense is that of the L-poly- 
peptide. By direct iteration we have counted the probability of the occurrence 
of a quartet of p-residues and tabulated the number of residues that might be 
located in the inverted helix if the inversion were brought about by the random 
occurrence of quartet of p-residues in the growth of the grafted polymer. This 
result. has been corrected for the frequency of reinversion due to a later occurrence 
of a quartet of t-residues following a quartet of p-residues. On this basis we find 
that 29 per cent of the residues occurring in the grafted polymer of degree of 
polymerization 25 should exist in inverted helices, that is, the helix characteristic 
of the p-residues. Since this fraction will contribute a specific rotation of —55° 
to [a]?", it follows that the expected value of fa]P" is +23°. The agreement be- 
tween this result and the observed value is as close as the crudeness of our model 
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would lead us to expect, and it confirms the description of the polymerization of 
enantiomorphs deduced above. 

Upon converting this value for the specific rotation of a racemic a-helix of poly-y- 
benzyl-glutamate to the effective residue rotation, [m’]?", a result is obtained that 
is independent of refractive index and residue weight. The result is: [m’ |B& = 
90°. Previous estimates of this quantity by extrapolating rotation measurements 
on D,L-copolymers led to 110° for leucine* and 78° for poly-> -benzyl-L-glutamate.® 
Before these particular estimates had been made, there was a tendency to use the 
difference in specific rotation between the random coil and helical configurations 
for estimating this quantity. Taking into account all the data now available in 
various solvents,'® the values obtained in this way range from 40° to 145°. Thus 
the value that we have determined lies near the center of the previous wide range of 
estimated values. 

For use in protein studies this effective residue rotation may be converted to the 
specific rotation in aqueous solution for an average residue weight of 110. This 
leads to a value of +103°. Thus a protein with this average residue weight and in 
the completely helical form should have a specific rotation of 103° in excess of that 
of the completely denatured state. In applying this scale to a determination of the 
amount of helical structure in proteins, a value of 100° derived from poly-t-glu- 
tamic acid studies had been used previously.!° Fortunately, this estimate was 
very close to the value obtained here, and the protein results remain unchanged. 
Indeed, this strengthens the general guide proposed for relating optical rotation to 
protein structure: that is, each degree change in specific rotation of a protein corre- 
sponds to a change of 1 per cent in the number of residues in the a-helical configura- 
tion.!° 

The Rotatory Dispersion of a Racemic a-Helix.—The behavior of [a] as a fune- 
tion of the fraction of p-residues in the grafted polymer is found to have the same 
character at other wave lengths as at 589 my. The values attained at the plateau 
(fo = 0.30 — 0) are plotted as a function of wave length in Figure 3. This repre- 
sents the rotatory dispersion of an a-helix arising from its configuration alone. The 
helix sense is, of course, that characteristic of L-polypeptides. 

The rotatory dispersion shown in Figure 3 can be fitted with the two-term equa- 
tion given in the introduction. If Ao is assigned the previously established value of 
2120 A, a plot of [a](A? — Ao?) against (A? — Ao”) —! gives a linear plot from which the 
values of the other two constants are readily obtained: ay = 680° and bb = —500°. 
The curve in Figure 3 is a plot of the two-term equation with these values of the 
three constants. It is important to note, however, that our data permit consider- 
able latitude in choosing the value of Ao. Indeed, the linearity of the foregoing 
plot would be maintained for any value of \» within 10 per cent of 2120 A.!* Since 
the values assigned to a) and bo depend strongly on the choice of Xo, the values given 
here must be associated with the value of 2120 A for Xo. 

The value of bp previously available was obtained from dispersion data on poly- 
y-benzyl-1-glutamate and poly-t-glutamic acid: the values ranged from —580° 
to —660°, with an average of —625°.” The difference between this and the value 
obtained in this study (—500°) lies somewhat outside probable experimental error, 
but at least two explanations can be put forward. One is experimental in origin. 
The rotation of the initiating polymer was a little different (particularly at low 


pe 





Vou. 43, 1957 CHEMISTRY: DOTY AND LUNDBERG 219 


wave lengths) than that of higher-molecular-weight samples of the same substance 
under identical conditions. This was probably due to the initiator containing a 
small amount of polymer so low in molecular weight that it was not helical. The 
rotational contribution of this small fraction of material would, however, change 
during formation of the grafted polymer, since it would then become helical. The 
maximum effect of this contribution would be an increase in the value of bp to 
— 580°, but we consider the actual effect to be much less. On the theoretical side, 
it must be pointed out that several normal terms may exist with similar but not 
identical values of \» in the case of t-polypeptides. The effect produced when these 
are treated as a single term may lead to a bias on the value of \» associated with the 
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Fic. 3.—The rotatory dispersion of the racemic helix of poly-y-benzyl-pi-glutamate in the 
form of an a-helix having a single screw sense (probably right-handed). The line is a plot of 
the two-term equation with ap = 680°, by) = —500°, and Ay = 2120 A. 


helical configuration alone. A shift in the assigned value of \» would, of course, 
alter the assigned value of bo. Moreover, there is also the possibility that in L- 
polypeptides the side chains are sufficiently oriented in the helical framework that 
their chromophoric groups may make a small contribution to the over-all rotation. 
There is, therefore, no reason to expect better agreement than that which has been 
found. 

Three observations may be made from the determination of the rotatory disper- 
sion arising from the helical configuration alone. The first is that the form of the 
dispersion is that of the two-term equation in agreement with theoretical consider- 
ations.* § Since the value of by is found to be close to that found for L-polypeptides, 
it is clear that the side chains have little effect on the rotational contribution made 
by the helical configuration. 
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The other two observations make use of the value of the helical contribution to 
a now available for the first time. Considering first only the sodium D line 
values, it is seen that the effective residue rotation due to the helical configuration 
alone, and therefore more properly denoted with a superscript H than by the super- 
script DL, is made up of contributions from the two terms as follows: 


[m’ J# = 101 — 11 = 90°. 


This shows clearly the relative importance of the normal and anomalous terms 
at this wave length: the normal term is much the larger and dictates the sign of 
[m’ Ji}. 

When 1-polypeptides and proteins are in the helical configurations, the second 
term will remain essentially unchanged, but the first term will be altered by the ad- 
dition of the intrinsic residue rotations in the helical configuration. This latter 
qualification is necessary because the environment of the asymmetric center in the 
helical configuration will be expected to produce its own “solvent effect.”” For 
example, [m’ |p for poly-y-benzyl-L-glutamate is observed to be 16.3° in dioxane. 
This means that the contribution of the intrinsic residue rotations is —73.7°, and 
the observed value can be thought to be made up as follows: 


[m’ |p = (101 — 73.7) — 11 = 27.8 — 11 = 16.8. 


Most t-residues appear to behave in a similar manner: that is, they have an in- 
trinsic residue rotation in range of —90 to —70° which nearly cancels the value 
of the normal dispersive term arising from the helical contribution. The result 
of this is to bring the relative importance of the two terms much closer together, 
producing a small and generally positive value for [m’ ]p itself. Reverting to aque- 
ous solutions of proteins with an average residue weight of 110, this would mean 
that in the completely helical form the value of [a@]p shold be in the range of 
0°-23°. 

The rotation of L-polypeptides and proteins in solutions where they exist in ran- 
domly coiled configurations can now be viewed in better perspective. Thus [m’ |p 
has been found to have the following values for poly-y-benzyl-L-glutamate in di- 
chloracetic acid, hydrazine, and trifluoracetic acid, respectively:'° —26.5°, 
—52.5°, and —75.5°. Since only the last of these values is close to —73.7°, 
it appears that the strongest solvating solvent, trifluoroacetic acid, is required to 
match the solvent effect, that is, the effective environment, that the residues ex- 
perience in the helical configuration. In aqueous solutions of polypeptides and pro- 
teins, however, the energy differences between helical and randomly coiled configu- 
rations are much less, and as a consequence the solvent effects on rotation are ex- 
pected to be much less. This is generally borne out in the preliminary studies 
that have been made.'° 

The final observation concerns the application of these same considerations to the 
rotatory dispersion rather than only to the sodium D line rotations. For the two 
extremes of the wave-length scale employed in this work the contributions of the 
helical configuration to the two terms are seen to be as follows: 


[m’ ]$50, = 394 — 167 = 227°; 
[m’ eo. = 59.1 — 3.8 = 55.3°. 
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It can be seen from these examples how the relative importance of the anomalous 
term increases with decreasing wave length.'* The intrinsic residue rotations of 
L-polypeptides and proteins become increasingly negative with decreasing wave 
length, so much so that below a certain wave length this dominates the normal term 
and the values of [m’ | pass through zero and reach quite negative values. 

Now that the rotatory dispersion due to the helical configuration is available, it 
can be used in conjunction with the rotatory dispersion of completely helical L- 
polypeptides or proteins to provide the rotatory dispersion of the residues (asym- 
metric centers) as they exist in the helix. This should be particularly useful in the 
quantitative study of protein structure and denaturation because the criterion is 
then available by which a denaturing solvent can be chosen in which the solvent 
effect is equivalent to that which the residues experience in the helix. Changes in 
rotation studied in such a system would then very accurately reflect the amount of 
helical configuration present, and a search could be undertaken for minor structural 
features that might also influence the optical rotation through configurations other 
than the right-handed a-helix. 

Summary.—The evidence showing that L-polypeptides can exist in solution as a- 
helices having a single screw sense, probably right-handed; is reviewed. It is then 
shown that the rotatory properties of such a helix devoid of the effects of asymmetric 
centers can be determined from properly prepared polypeptides. These polypep- 
tides were made by using preformed L-polypeptides having the desired screw sense 
to initiate the polymerization of mixtures of p- and L-anhydrides. From rotatory 
dispersion measurements on these it is possible to show that the helical configura- 
tion is responsible for the following effective residue rotation, [m’ ]": 

» H _ _ 680A0? 5000 = 8 My 

i . (A? gpd do”) (\? awe do”)? n? + 2 100 

where M, = residue molecular weight; n = refractive index of solvent; \ = wave 

length; Ay» = 2120 A; and [a] = specific rotation. For the sodium D line, 

[m’ |} = +90°, and for a protein in aqueous solution having an average residue 
weight of 110, [a]{} = +103°. The implications of these results are discussed. 
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CONTRIBUTIONS TO THE THEORY OF THE CONTINUOUS BACTERIAL 
GROWTH APPARATUS 


I. KINETICS OF GROWTH OF HOMOGENEOUS POPULATIONS* 
By H. Moser 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, COLD SPRING HARBOR, 
NEW YORK 


Communicated by B. P. Kaufmann, December 19, 1956 


The theories of the bacterial continuous growth apparatus presented by Monod, ' 
Novick and Szilard,? Spicer,’ and Herbert et al.‘ furnish equations which describe 
the steady state of homogeneous bacterial populations in culture devices such as 


the chemostat. They do not, however, provide mathematical proof of the auto- 
matic establishment of the steady state when for example, one starts at the time of 
inoculation with a nonsteady state. 

If ¢ stands for the concentration of limiting growth factor (LGF) in the culture 
vessel, k for the growth-rate constant (specific growth rate‘), v for the inviability 
constant, w for the washout-rate constant (flow rate per unit culture volume), a 
for the concentration of LGF in the incoming medium, g for the uptake of LGF 
per bacterium produced (assimilation coefficient, yield coefficient),**® and N for the 
population density, the differential equations for the rate of change of cell density 
and of concentration of LGF in the culture vessel of the chemostat are 


1 aN 


o- k(c) — v(c) — w (la) 


de 


i = w(a — c) — gk(c)N, (2a) 


respectively. 

The specific growth rate is a nonlinear function of c; it approaches a maximum 
value when c > ©. ® Up to a certain value of c, however, the specific growth 
rate approximates a linear function of c. Within the range in which specific 
growth rate is approximately proportional to c, production of inviable cells is 
negligible. Thus, if c is kept sufficiently low by starting with a low initial concen- 





Vou. 43, 1957 GENETICS: H. MOSER 223 


tration, co, and by maintaining an adequate flow rate, we can set for the specific 
growth rate and the viability constant k(c) = xc and v(c) = 0, respectively (« = 
factor of proportionality), and equation (la) and (2a) are reduced to 


dN 
a — w)N 1 
a (xe — w) (16) 


d 
a 7 oa — &) — We, (2b) 


respectively. The physical nature of the problem demands that No > 0 and 
ax > w. The concentrations of cells (1!) and of LGF (2) at equilibrium are found 
by equating the derivatives to zero: 


(3) 


f = ——. (4) 
q 


A solution of the two simultaneous differential equations (1b) and (2b) can be 


given in convenient terms. 
Multiplication of equation (1b) by g and addition of equation (2b) result in the 


equation 
d 
7 (qN + c) + w(qN +c) — aw = 0 (5) 


for the quantity gV + c. Integration of equation (5) and determination of the 
integration constant with the initial condition gNo + co at ¢ = t& = 0 furnishes for c 
the expression 

c= at (co + gNo — a) exp (—at) — gN. (6) 
If for convenience we set A = xa — w, B = —(k/w)(ceo + gNo — a) and substitute 
expression (6) for c in equation (1b), we obtain for the cell density the differential 
equation 

dN 

(7) 


op 7 (A Buexp (—ut)) N + xq? = 0. 
a 


The theory of Bernoulli’s differential equation furnishes for NV the expression 


t 
1/N(t) = exp (—At— Be“) (C + xq f exp (At + Beat), (8) 


When the integration constant C is evaluated with the initial condition N(0) = No, 
the solution of (1b) and (2b) for N is 


No exp (At + Be~“) 
t 
exp (B) + cao exp (At + Be~“)dt 
0 





N(t) = (8a) 
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For large ¢t the factor Be~“ tends toward zero, and the remaining integral in (8a) 
behaves like 


t 
f exp (At)dt = (1/A) (exp (At) — 1). (9) 
0 


Insertion of (9) into (8a) gives for large ¢ 
NO pr 
: ((e?/No) — (xa/A)) e7 4! + (xq/A) 





From (10) we derive 


lim N(t) = A/ 


t—> @ 
and subsequently from (6) 


lim c(t) =a—q: lim N(t) = w/e = ©. 
t—+> © 


t—> @ 


Thus we have proved analytically that a stable stationary state establishes itself 
in a homogeneous bacterial population growing in the chemostat. 

A satisfactory approximation to the solution of (1b) and (2b) for N can be derived 
from (8a). When we write the remaining integral in (8a) in the form 


t 
[exp (Ax + Be~**)dx 
0 


and substitute B!/w for the constant B = (—«/w)(¢e9 + gNo — a) we obtain for N the 


expression 
dete 
No exp (a — B’ |* a 


Nit) = ene RGM aR conto. 
1+ «qgNo | exp (42 — B’ | 
0 


t 
” sale l 
e 


4 as ay 
1 + KoNo J exp (42 — B' ; 
0 


A satisfactory estimate of the remaining integral in (12) is 


t ° 
[cx (az ra B'| : [a 
0 lt+at 


" MO ba -e 


N(t) = 


1 + wt e | = + wt) see Ae 7 a i; 


tt | "3 id 


a corresponding estimate of the numerator of (12) is 


A(l t) — B’ 
No exp ( SoA . 7) 
1 + wl 
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Then the resulting approximation for the cell density can be written in the form 


NO=— a (14) 


e(¢ 
Kg + ee _ x1) exp (—fe(t)) 
0 


A(l at) — B V o) — Nt 
in which e(¢) = mA = ees oe ee : 


a 1 + wi 





This approximation to the solution of (1b) and (2b) for N describes the automatic 
adjustment of growth equilibrium in the chemostat as a function of time. It 
furnishes the correct initial density, N(Q) = No, the true initial derivative 
(dN /dt), = 9 = (xeo — w)No, and the true equilibrium value, N, for t = ©. Since 
measurement of bacterial density is easy and fairly accurate, equation (14) pro- 
vides a convenient tool for testing the theory of the continuous bacterial growth 
apparatus under a variety of given experimental conditions. 

Thus we have proved analytically that a stable stationary state establishes itself 
in a homogeneous bacterial population growing in the chemostat, provided, of 
course, that a > w/k. 

Equations (10), (10a), and (11) describe the automatic adjustment of growth 
equilibrium in the chemostat as a function of time, but for numerical analysis and 
curve-fitting these equations are inconvenient. It is possible, however to derive a 
satisfactory approximation for N(t) which facilitates computation. Equation (8) 
can be written in the form 


1 t 
N@ = oP (—At — Be~“) (c + xq f exp (Az + Be™®*) dz); (8a) 


or, when C is evaluated with the initial condition N(0) = No and B’ /w is substituted 
for B = (—x/w)(eo + gNo — a), it may be written either as 
No exp (At - 1 Bl = ~@ se )/w]) 


N() = : ee 
ah 1+ «qNo ff exp (Ax — B’[(1 — se ‘w|)dx (80) 


: No exp (At — eta — 1)/e“)) 
N(t) = a PaaS yee ? ett = 2)) J put . 
| ri KgNo Sr exp (. Ar — B’[(e* — )/we* |)da 





A satisfactory estimate of the remaining integral in expression (8c) is 


t : 
Pustecet oe 
0 1+ wi 


1 + wt \ |: A(1 + wt) — B’ 7 i! 
ho FAG Fe re as 
A(l + wt) — BP 1+ ot 


a corresponding estimate of the numerator of expressions (8c) is 


‘ A(1 + owt) — B’ 
No exp ites “t ). 
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Then the resulting approximation for the cell density can be written in the form 





e(t) 
N(t) = : 14 
) xq + (e(t)/No) — xq) exp (—te(t)) (44) 
in which 
A(1 + wt) — B’ — K(gNo + &) — w + xquNt 
1 + wt 2 1 + wt 


This approximation to the solution of equation (7) furnishes the correct initial 
density, N(0) = No, the true initial derivative (dN /dt),.9 = (Keo — w)No, and the 
true equilibrium value, NV, fort = ©. Since measurement of bacterial density is 
easy and fairly accurate, equation (14) provides a convenient tool for testing the 
theory of the continuous bacterial growth apparatus under a variety of given ex- 
perimental conditions. 





c(t) = 


* Preparation of this paper was begun while the author held a fellowship of the Carnegie Insti- 
tution of Washington at the Department of Genetics, and it was completed at the Biological 
Laboratory of the Long Island Biological Association while the author engaged in a project spon- 
sored by the United States Atomic Energy Commission under Contract AT(30-1)-1944. 
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HETEROSIS AND ELIMINATION OF WEAK HOMOZYGOTES IN 
NATURAL POPULATIONS OF THREE RELATED 
SPECIES OF DROSOPHILA 


By CropowaLpo Pavan, THEopostus DoBzHANSKY,* AND ANTONIO 
Briro DA CUNHA 


DEPARTAMENTO DE BIOLOGIA, FACULDADE DE FILOSOFIA, sAo PAULO, BRAZIL, AND DEPARTMENT OF 
ZOOLOGY, COLUMBIA UNIVERSITY, NEW YORK 


Large stores of genic and chromosomal variants are carried in the Mendelian 
populations of sexually reproducing and cross-fertilizing species. These variants 
arise ultimately by mutation, but mutant genes and chromosomes may be retained 
in the gene pool of a population for many generations after their origin. Opportun- 
ity is thus provided for manipulation of the store of mutants in the gene pool of 
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the population by natural or artificial selection. The trend of selection is, of 
course, toward making the greatest possible number of the available genetic vari- 
ants serve the adaptive needs of the species. However, most mutations that 
arise are deleterious to their carriers, at least in the environments in which the 
species has been formed and in which it normally lives. Mutation and selection 
are conflicting forces: the former generates injurious genetic variants which con- 
stitute “‘our load of mutations’’;' ? the latter tends to utilize a minority of the 
mutants which are capable of being turned to some advantage. Therefore, it may 
be grossly misleading to think that newly arising mutants merely add an increment 
qualitatively similar to the already existing load. This is especially so where 
mutants induced by high-energy radiations are concerned. The scene is too 
diverse and contradictory to make such an assumption safe. The evidence avail- 
able is clearly inadequate. Relatively much more is known about the properties of 
newly arisen mutants, whether spontaneous or induced by radiation, than about 
those which persist in the populations as components of the mutational load. 
Some of the latter exhibit rather startling properties, for which an acquaintance 
with newly induced mutants leaves one insufficiently prepared. The chief among 
these properties is the ability of some naturally occurring genetic variants to engender 
hybrid vigor in heterozygotes and yet to reduce, often drastically, the fitness of the 
homozygotes. The possibility must be seriously considered that the injurious 
effects of radiation-induced and of freshly arisen spontaneous mutants may be on 
the average greater than those of the variants carried in the populations. The 
purpose of the present article is to record some instances of naturally occurring 
variants which are heterotic when heterozygous and deleterious when homozygous. 

Caribbean Populations of Drosophila tropicalis——One of us* has reported the 
findings in a remarkable population of D. tropicalis collected at Lancetilla, Honduras, 
in April, 1954, by Dr. William B. Heed. In the progeny of 74 wild females tested, 
70.3 per cent of the larvae were found to be heterozygous for a certain subbasal 
inversion in the left limb of the second chromosome. The 74 strains derived from 
these females served as progenitors of an experimental population; after breeding 
in the laboratory for about 4 months, 90.2 per cent of the larvae obtained from the 
eggs deposited in this population were heterozygous for the same inversions, and 
96.0 per cent of the adults which developed in the experimental population were 
heterozygous. The adaptive norm in this population consisted of individuals 
heterozygous for the inversion, while the corresponding homozygotes were subvital 
or semilethal. 

Owing to the courtesy of Drs. W. B. Heed, M. R. Wheeler, W. 8. Stone, and 
H. L. Carson, we were privileged to examine samples of the populations of D. 
tropicalis collected (chiefly in 1956) in ten groups of localities in Central America, 
the West Indies, and Colombia, South America. The proportions of the larvae 
found to be heterozygous for the subbasal inversion in the II L chromosome are 
as shown in Table I (one larva examined in the progeny of each female collected 
in nature). The results are mapped in Figure 1, the heights of the black columns 
symbolizing the percentages of the heterozygotes for the subbasal inversion in 
chromosome II L (a seale for the percentages is shown in the upper right corner 
of the map). This inversion occurs, then, in a territory extending from the Island 
of Hispaniola to Honduras, San Salvador, and Costa Rica. Although the samples 
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TABLE 1 
No. Per Cent 
Locality Examined Heterozygotes 
San Salvador (1954)* 23 34.8 
San Salvador (1955) 10 40.0 
Lancetilla, Honduras* 74 70.3 
Bath, Jamaica 38 11.5 
Santiago de Cuba 10 20.0 
Petionville, Haiti 10 40.0 
Dominican Republict 40.0 
El] Yunque National Forest, Puerto Rico 0 
Santa Marta, Colombia 18 0 
Bucaramanga, Colombia z 0 
Barro Colorado, Panama (1955 and 1956) 48 0 
104 Turrialba, Costa Rica 10 0 
10B La Lola, Costa Rica ) 3.8 


* Th. Dobzhansky and O. Pavlovsky, these ProceEpiNnes, 41, 289-295, 1955. 
+ J. I. Townsend, Am. Naturalist, 88, 339-351, 1954. 


1 \, 
| 





























Fig. 1.—Populations of D. tropicalis. The heights of the black columns indicate the percentages 
of the individuals heterozygous for a subbasal inversion in the second chromosome. The scale for 
the percentages is shown in the upper right. The names of the localities are given in the text. 


are smaller than might be desired, it is reasonably clear that only at Lancetilla, 
Honduras, do the heterozygotes make up significantly more than 50 per cent of the 
population. In Panama, Columbia, and Brazil‘ this inversion has not been found 
at all, although some other inversions do occur in the species. Heterozygotes for a 
submedian inversion in chromosome IT L occur in San Salvador and in Honduras;' 
an inversion in chromosome IIT (shown in PI. 1 in Burla e¢ al.*) has been recorded in 
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the Amazon Valley in Brazil,‘ in two chromosomes from Santa Marta, Columbia, 
and in a single chromosome from the 1955 sample from San Salvador. Five 
chromosomes from Santa Marta carried also a short subbasal inversion in chromo- 
some III, and the same inversion was observed in one chromosome from Panama. 
None of these inversions reaches frequencies anywhere near 50 per cent. 
Subandean Populations of Drosophila paulistorum.—In September, 1955, two 
of the authors (C. P. and Th. D.) collected population samples of D. paulistorum 
on the eastern (Amazonian) slope of the Peruvian Andes, namely, at (1) Urubamba 
Valley at Huadquifia (elevation, 1,500 meters), (2) Tingo Maria (elevation, 670 
meters), and (3) Tarapoto (elevation, 400 meters). In January, 1949, A. G. L. 
Cavalcanti and one of the authors (Th. D.) collected the same species near Cruzeiro 
do Sul (4) and at Palmares, near Rio Branco (5), territory of Acre, Brazil. Exam- 
ination of a single larva in the progeny of each of the wild females collected in 
nature disclosed that some of them were heterozygous for a short inversion in the 
third chromosome, described as ‘‘K”’ in a previous report.‘ The proportions of 
K heterozygotes found are shown in Table 2 and are also represented graphically 
in Figure 2. The frequency of K heterozygotes of Urumbamba is 79.3 per cent; 
despite the unfortunately small size of the sample, this is significantly higher than 











Fig. 2.—Populations of D. paulistorum. The black columns indi- 
cate the percentages of the inversion K in the third chromosomes in 
three localities in Peru and in two localities in the territory of Acre in 
Brazil. The scale for the percentages is shown in the upper right. 
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50 + 9.3 per cent of heterozygotes that could occur if the inversion homo- and het- 
erozygotes were equally viable. In the other localities listed above, the frequencies 
of K are everywhere below 50 per cent. The same inversion has been recorded in 
scattered individuals in central and southern Brazil.‘ It may be noted that at least 
9 different inversions other than K were found in the third chromosomes of the 
Tingo Maria sample, 8 inversions at Tarapoto, and 3 at Urubamba, but none of 
these attained frequencies approaching 50 per cent. 


TABLE 2 


No. Per Cent 
Locality Examined Heterozygotes 


Urubamba, Peru ¢ 79.3 
Tingo Maria, Peru 33.3 
Tarapoto, Peru j 42.3 
Cruzeiro do Sul, Brazil F 28.6 
Palmares, Brazil 7 21.3 


Drosophila willistoni in Northeastern Brazil——Frequencies of inversion hetero- 
zygotes exceeding 50 per cent are known only in single populations of D. tropicalis 
and D. paulistorum (see above). The territorial extension of the populations in 
which this remarkable condition is observed remains unknown; the possibility 
cannot be excluded that this situation may be strictly local and perhaps even 
impermanent. The populations of D. willistoni in northeastern Brazil are, there- 
fore, of more than ordinary interest, since the evidence indicates that populations 
with frequencies of heterozygotes exceeding 50 per cent are established over a con- 
siderable territory. 

The map in Figure 3 gives a review of the situation. In this map the percentages 
in the populations of individuals heterozygous for each of three different inversions 
are indicated by the heights of the black columns (a scale for the percentages is 
shown in the lower part of the figure). For each locality, the leftmost of the three 
columns shows the heterozygosis for the inversion J in the third chromosome 
(inversion III J; see Da Cunha et al.*). The middle column shows the frequencies 
of heterozygotes for the inversion III P, a short inversion discovered in populations 
of northern Brazil (localities 1, 2, and 3 in Fig. 3) and not known elsewhere.  Fi- 
nally, the rightmost column reports the frequencies of heterozygotes for a short, 
apparently terminal inversion in the right limb of the second chromosome (II R—E; 
see Da Cunha et al.*). The data for the critical region (localities /—8) are given 
in Table 3; those for the other localities have been published previously.® 7 


TABLE 3 
No. Per Cent Per Cent Per Cent 
Locality Examined 1llI J III P II R-E 
Recife, Pernambuco, 1955 84 y1.§ 27.4 
Recife, Pernambuco, 1956 122 50. 36.1 
Olinda, Pernambuco 67 : 26.9 
Joao Pessoa, Parafba 110 13.6 18.2 
Natal, R.G. Norte 130 30. 16.8 
Aratuba, Ceara 68 0 
Guaramiranga, Ceard 91 .§ 0 
Maranguape, Ceard 37 34. § 0 
Rosario, Maranhao 63 ; 0 
Sao Luiz, Maranhao 100 3. 0 
Castanhal, Paré 62 : 0 
Belém, Para, 1949 155 38. 0 
Belém, Pard, 1952 148 0 
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Frequencies of 60 per cent or higher of heterozygotes for the inversion III J 
have been observed in the populations from Recife northward to Natal (localities 
1-3 in Fig. 3). The deviations from the highest theoretically allowed frequency 
of 50 per cent of heterozygotes are at or above the conventional level of statistical 
significance in every sample considered by itself and are highly significant if the 
samples are pooled. The possibility cannot be dismissed outright that the popula- 
tions were at the time of study not at an equilibrium but in the throes of some 




















100% 
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Fic. 3.—Populations of D. willistoni in northeastern Brazil. For each locality 
the height of the leftmost column indicates the frequency of heterozygotes for 
the inversion J in the third chromosome; the height of the middle column refers 
to the inversion P in the third chromosome; and the height of the rightmost 
column pertains to the inversion E in the right limb of the second chromosome. 
The scale for the percentages is shown in the lower left. The names of the locali- 
ties are given in the text and in a previous publication (Da Cunha and Dobzhan- 
sky, Evolution, 8, 119-134, 1954). 


rapid genetic change. The first sample at Recife, and those at Olinda and Joao 
Pessoa, were collected by A. G. L. Cavalcanti and one of the authors (Th. D.) 
in November, 1955. Therefore, Cavalcanti and Dobzhansky repeated the collec- 
tion at Recife in April, 1956, within a week from making the collection at Natal and 
in Ceara and Maranh4o (localities 3-6, Fig. 3). The second Recife sample, and 
that at Natal, had 60 per cent III J heterozygotes, while in Ceara and in Maranhaéo 
the frequencies did not deviate significantly from 50 per cent (52.9 per cent in a 
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total of 359 individuals studied). The frequencies of III J heterozygotes fall 
rapidly below 50 per cent west of Maranhéo (localities 7-9) and to the south 
and to the west of Recife (localities 14-17). 

The populations which live from Recife to Natal form a nascent geographic race. 
The race is characterized by a strongly heterotic inversion III J and by elimination 
of a considerable proportion of the corresponding homozygotes. It is also character- 
ized by the presence of the inversion III P, which is unknown outside the region 
where this race lives. Still another characteristic is a moderate frequency of hetero- 
zygotes for the inversion IT R—E (12-21 per cent); this inversion reaches frequencies 
possibly significantly in excess of 50 per cent in Ceara (the group of localities 4, 
Fig. 3) but falls off rapidly to the west and to the south. Other records of heterotic 
inversions in populations of D. willistoni are also known.* ® 

Adaptedness of the Populations with Strongly Heterotic Inversions.—Occurrence 
of more than 50 per cent of heterozygotes in a panmictic population approximately 
at equilibrium connotes the elimination of some of the homozygotes owing to dif- 
ferential survival and mortality in the preadult stages. However, the populations 
affected by such differential mortality need not be handicapped thereby; in fact, 
the adaptive value of the population as a whole may be high if the heterozygotes 
possess superior fitness. Although it is not an easy matter to measure the adaptive 
values of whole populations (see, however, Wallace!®), the following information is 
relevant. The four sibling species D. willistoni, D. paulistorum, D. equinoxialis, 
and D. topicalis occur together, sympatrically, in many parts of tropical America. 
Dobzhansky and Pavlovsky* have pointed out that Lancetilla, Honduras, is the 
only known locality in Central American in which D. tropicalis is the commonest 
of the four sibling species, and it is at Lancetilla that the high frequency of the 
II L inversion is observed in this species. Among the five localities in Peru and 
in western Brazil shown in Figure 2, Urubamba (locality 7) is the only one in which 
D. paulistorum has been found predominant, and it was there that the very high 
frequency of the inversion K was observed. Finally, D. willistoni is decidedly 
the dominant species in northeastern Brazil, and the high frquency of the inversion 
III J is observed in a part of this region. To be sure, the dominance of a species 
in a certain territory is not invariably accompanied by the presence of strongly 
heterotic inversions. For example, D. paulistorum is dominant in Belém (locality 
8, Fig. 3) and in some coastal regions in southern Brazil, and D. willistoni is domi- 
nant in the state of Baia (localities 15-17, Fig. 3), without any inversion reaching 
frequencies above 50 per cent in these regions. However, the evidence shows at 
least that the elimination of numerous homozygotes does not necessarily incapaci- 
tate a population. 

Conclusions.—It is not possible at present to evaluate the importance of heterosis 
in Mendelian populations. The situations reported above are admittedly of a 
rather special sort. It is chiefly among dipterous insects and in relatively few other 
organisms that chromosomal inversions are very common in natural populations 
as carriers of heterotic gene complexes. Even among Drosophilae, frequencies of 
heterozygotes in excess of 50 per cent for any one inversion are uncommon. Never- 
theless, some differential elimination of homozygotes and survival of inversion 
heterozygotes doubtless take place in many natural populations of Drosophila 
in which no one inversion attains the 50 per cent frequency level. Unfortunately, 
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there is no way at present to estimate how great may be the fraction of zygotes 
which are sacrificed in Drosophila populations to maintain all the heterotic inver- 
sions. 

Heterosis is, however, widespread also without the association with chromosomal 
inversions. It is known that in several species of Drosophila a great majority of 
the chromosomes found in natural populations are frankly deleterious when in 
double dose;? they make the homozygotes poorly viable or sterile or both. The 
adaptive norm of a species is an array of heterotic heterozygotes. How frequently 
the inviable and sterile homozygotes are produced in nature is unknown, but it is 
clear that a considerable fraction of the mutational “load” of natural populations 
of Drosophila consists of gene complexes which raise the fitness of heterozygotes 
but lower that of homozygotes. Such mutant gene complexes constitute a “load” 
only when and if they become homozygous; with numerous heterotic gene alleles 
and alternative gene complexes present in the gene pool of a population, the pro- 
duction of homozygotes under panmixia may be low. The incidence of such genes 
and complexes will be governed by selection to a much greater extent than by mu- 
tation rates. How common genes and gene complexes of this sort are in populations 
of higher animals and man is unknown. It is an open question how much balanced 
heterosis can be tolerated by populations of a species the fecundity of which is as 
low as that of man. Many discussions of the genetics of human population ignore 
the matter completely. Yet Allison’s discovery that heterozygosis for the sickling 
gene in man confers a relative immunity to falciparum malaria! ' is an eloquent 
testimony of the need for a better understanding of the genetic structure of natural 
populations. 

Summary.—Some of the natural populations of the sibling species D. tropicalis, 
D. paulistorum, and D. willistoni contain significantly more than 50 per cent of 
individuals heterozygous for certain inversions. These populations sacrifice a 
part of the zygotes produced in each generation for the maintenance of the heter- 
otic inversions. Nevertheless, these populatons appear to be highly successful 
in competition with related species. In D. willistoni there is an incipient race oc- 
cupying a fairly large territory in which about 60 per cent of the individuals are 
heterozygotes for an inversion in the third chromosome. It is argued that some 
of the mutational “load” in natural populations of Drosophila, and possibly of 
other organisms, consists of heterotic genes and gene complexes. 
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REGULARITY THEOREMS FOR SOLUTIONS OF 
PARTIAL DIFFERENTIAL EQUATIONS WITH 
VARIABLE COEFFICIENTS 


By Freuix E. BRowprER 
DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY 


Communicated by Einar Hille, December 10, 1956 


Let G be a domain, A a partial differential operat or with coefficients defined on G. 
During the past several years, regularity theorems have been proved for weak solu- 
tions of Au = f when A is elliptic or parabolic.' For operators with constant 


coefficients, L. Hérmander? has given an algebraic characterization of the complete 
operator of local type, the class for which the Weyl lemma is valid, i.e., that every 
weak solution of Au = 0 is infinitely differentiable in G. It is the purpose of this 
note to present a proof of a regularity theorem for weak solutions for a general 
class of operators with variable coefficients which for the special case of constant 
coefficients coincides with the complete operators of local type, while the general 
case includes the elliptic and parabolic operators with variable coefficients.* For 
formally self-adjoint operators of this class, we obtain as a consequence an eigen- 
function expansion theorem with differentiable eigenfunctions. For simplicity of 
presentation our regularity theorem is given for operators with infinitely differenti- 
able coefficients, although much weaker hypotheses would suffice. 

I. Let G be an open set in £” with co-ordinates (2, ..., 2»), (,) the inner prod- 
uct in L°(G), C,°(G) the infinitely differentiable functions with compact support in 
G. R*" will be the dual space of E” with its elements denoted by & = (41, ..., &n), 
(x, £] = Doyayt forzé E",t eR", |&|? = E?. In BE" we define D, = (i)—"(0/dz;), 
while for h « E” with none of its components zero, V;/u(x) = (hj)—!{u(a + hj) — 
u(x)}, Myfu(x) = '/o {u(x + hy) + u(x)}. In R", Di = 0/dé;. For the multi- 
index a = (a, ..., ax), 1 < a; < n, D* = Da, ... Da, | a =k, V; = VV,” ... 
V,@, M,* = M,” ... My, D& = De" ... Dy, & = ba... bax 

Let A be a partial differential operator of order m, A = >0a,(x)D*, where, for 
each a, a, belongs to C'*'(@). Its formal adjoint is Atu = >> D%(a,(x)u), while 
the characteristic polynomial of A is A(x, ) = )oaa,(x)&. Let A¥%(z, &) = DP 
A(x, £), while A,, = )>,a4(2) D* if eG. If P and Q are differential operators with 
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constant coefficients, Q is weaker than P (Q < P) if there exists K > 0 such that 
lQ(é)| < KY,|P*(é)|, & « R", and strictly weaker than P(Q < P) if |Q()é< 
KD|P*(8)|, & € R*. 

II. If y « L*(G), then u e L?(G) is said to be a weak solution of Au = y in G if 
(u, A+d) = (yy, d) for @E C.°(G). In the case of constant coefficients Hérmander? 
has shown that all weak solutions of the equation Au = 0 are in C“(G) after correc- 
tion on a null set if and only if the following condition is fulfilled: 

(r) For |6| > 0, A*(&) = o({A(é)| as |t| > © in R”, 

TuHeorEM. Let A be a differential operator on G with its coefficients in C°(G). 
Suppose that for each x in G, Ay = A,, satisfies (3) while there is a neighborhood N 
of xo in G such that for x ¢N, A = Ao + Yeg(x)Qz, the sum being taken over a finite 
set of Q, such that Qg < Ao, Qs" < Ao for | a >0. If uisa weak solution of Au = 
y in G with y « C°(G), then, after correction on a null set, u will lie in C°(G). 

Remark 1: Simple examples of operators satisfying the conditions of the theorem 
are (i) elliptic operators; (ii) operators of the form B(x, t)(0/dt) + A(z, # in 
E"*'! with co-ordinates (x, ..., <n», t), where, for each fixed ¢, B(x, t) and A(z, t) are 
elliptic operators in the x-variables. 

Proof of the Theorem: Following the lines of Hérmander’s argument using 
Fourier transforms of distributions,®> one constructs a fundamental solution EF for 
Ao*, i.e., a distribution such that Ao+(#*¢) = ¢ for @ « C.°(E"), for which in addi- 
tion we have the following: (a) If u « L*(£") with compact support, G; a compact 
in BE", |Q(é)| < C’D|A,(8)| for & « R", then there exists C, > 0 depending only 
on C’, G;, and the support of u such that ||Q(D)(E * u)\l¢, < Colull. (b+) 1fQ<P, 
1 <j <n, then ||D,(E * u)\lc, < Cou. (c) E belongs to C® in the complement of 
0. 

The hypothesis implies that, in N, A+ = Ag+ + SCeg’(x)Qg, where cg’(x) > 0 
as x—>xp. There exists \ > 0 such that if NA = {alr — x < A}, Hhles’Qs 
(E * $)||N\ < dlp! for @ €C.°(Ny). Let p « C,*(£") with its support in Ny, p = 
1 on Ny/2. Suppose first that v satisfies the equation 


(x, A+) = Dols, Qsb), @ € Co"(Na); 0, Hs € L*(Np). (1) 
Then 
DLal(Ws,Qep?"(E * $)) = (v, p™A+E*9)) + YL (v, p'eg"Qa(E * $)) 


Og<<Ao 
= (p'"v,¢) Lo (p'™, cs'Q,(E * ¢)) + . ay (v, p\’ca"Qe(E * ¢)). (2) 
QB<Ae BS <4e 


We note that by (b) above, > (v, p\es"Q,(E * ¢)) = (R* (cv)), where 
Op<<Ao 


| DAR * ev)|lv, < Cs |lvllyy, 1 <j <n. Since v e L*(N,), while C.°(N,) is dense 
in L?(N,), from equation (2) we obtain the inequality 


jo —-R* (cv)|| 72 < Cs VealiveliNi. (3) 


Suppose now that u is a weak solution of Au = y in Nog. If || « |h!| ay 
oe C,.°(N,), then 


(V,2u, A+) = (u, A+(V_n"6)) + =D mg (u, (M_4"V_a'cg’)(M_a'V_1"Qp)) 


8B; a=({,n) 
l¢|>0 


= (V,°y, ¢) + | » } m,'(V,"u, (V_akeg’) (M_+'Qg¢)). (4) 
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If we have shown that for |n| < {a|, V,"« for sufficiently small h have their L 
(N»-\a|+1,)-norms uniformly bounded in h and since the same is true for V,“y 
and V,,‘c,’, we may apply relation (3) to v = V,*u and conclude that ||V;,“u'|(v— |e!) 
is uniformly bounded in A for all sufficiently small h. But as h > 0, V,°u con- 
verges in the distribution sense to (0/Ox)“u. If we consider the sequence V2—-,u 
in L2(N2—-|«|,), then, by the uniform boundedness of the norms, we can find a 
subsequence converging weakly to an element of L?(N2-ja!,) which must equal 
(0/Ox)*u in that neighborhood. Since all the distribution derivatives of u are lo- 
cally in L?, our conclusion follows from a well-known theorem of Sobolev.® 

Remark 2: By a refinement of the argument, we can remove the restriction that 
u « L°(G) and prove regularity for any distribution solution. Similarly, bounds 
may be obtained for the L?-norms of wu and its derivatives on a compact G; in terms 
of L*-norms of y and its derivatives and any negative Dirichlet norm of u on any 
G. containing G, in its interior. 

! For a survey of recent results in the elliptic case cf. F. E. Browder, Communs. Pure and Appl. 
Math., 9, 351-361, 1956; L. Nirenberg, Communs. Pure and Appl. Math., 9, 509-529, 1956. For 
the parabolic case see F. E. Browder, these PROCEEDINGS, 42, 914, 1956. 

2 L. Hérmander, Acta math., 94, 161-248, 1955. 

3 The first result of this type was stated by Hérmander. 

4 F. E. Browder, these ProcEEDINGs, 42, 769-771, 1956. 

5 Hoérmander, op. cit., pp. 222-229. 

6 Cf. L. Schwartz, Théorie des distributions (Paris, 1951), 2, 47, Theorem XIX. 


TWO RECURSIVELY ENUMERABLE SETS OF INCOMPARABLE 
DEGREES OF UNSOLVABILITY (SOLUTION OF POST’S PROBLEM, 1944) 


By Ricuarp M. FRIEDBERG 
HARVARD UNIVERSITY 
Communicated December 11, 1956 


Post! has questioned the existence of a recursively enumerable set of non-negative 
integers which is neither recursive nor of the highest degree of unsolvability possible 
to recursively enumerable sets. This question is now answered by the construction 
of two recursively enumerable sets of which we prove that neither is recursive in 
the other and hence that they both satisfy the criteria of Post’s question. In the 
theorem we shall deal not with the sets directly but with their representing functions 
(functions taking the values 0 and 1, respectively, for members and nonmembers 
of the sets).? 

THeorEM I. There exist two functions f, and fo, both of which represent recursively 
enumerable sets and neither of which is recursive in the other. 

We shall define f; and f. by successive approximation through a pair of sequences 
of functions f)°, fi', fi?, ... and fo, fol, fo?, .... For each pair of numbers a, e 
we shall define a number x;“(e) for which we intend to set f;*’(x;(e)) = 0 if at some 
later stage a’ (>a) of the construction we encounter a y for which 


TY" —"(e, x"(e), y) & U(y) si 1, (1)’ 
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and otherwise to leave f,*’(2;“(e)) unchanged as a’ increases. Once relation (1) 
is established, we shall act so as to insure as nearly as possible that it will remain 
true for all higher a’, and hence also with f2 in place of fo“ ~'. Similarly for x2*(e), 
with f;* and f:* interchanged. 

The functions f,*(x), fe*(x), x:*(e), and 2x2"(e) shall be recursive as two-argument 
functions. We define them as follows. 

Case 0: a = 0. Let 


f(x) = f2(x) = 1, all x; 
x,9(e) = a2%"e) = 2°, all e. 
Case 1: a = 2b + 1. Let e, be the number of prime divisors of b (so that for 
any fixed e we have e, = e for infinitely many a). Two subcases are possible. 
Subcase 1.1: f,2-'(x;*-"(e,)) = land (Ey < a) [Ty ‘(e,, x:7—(ea), y) & U(y) = 1). 
Then let 


fit(ar*—"(ea)) = 0; 


xo"(e) = 2%-(2a + 1), alle 2 &; 


and otherwise let 
fie = fir, fe = ff", 


Subcase 1.2: Otherwise. Then let 


fit on ffi, fe? = If", x" = 7 


Case 2: a = 2b + 2. Treat as Case 1 with subscripts 1 and 2 interchanged 
and with “e 2 e,’’ in line 4 of Subease 1.1 replaced by “e > e,”’ in Subcase 1.2. 

This completes the definition of the auxiliary functions. Now let fi(x) = 0 or 
1 according as (Ea)(f,“(z) = 0) or not, and similarly for fo. Clearly, f; and fe 
represent recursively enumerable sets. 

Note that the only information about a function f relevant to the statement 
T(e, x, y) is information about its values on arguments u < y (because all the 
relevant arguments occur in a formal expression with Gédel number y). There- 
fore, the changes made in x" under Subcase 1.1 prevent the falsification of T 2" (eq, 
ri"(€q), y) for any a’ > a except through an occurrence of Subcase 2.1 with eg < eq. 

The success of the construction depends upon two lemmas. 

Lemma I. For any given e, x;"(e) changes only a finite number of times as a in- 
creases through the natural numbers. 

Because there are only finitely many e < é, the lemma can fail for e = é only if, 
for some fixed é’ < é@, Subcase 2.1 occurs an infinite number of times with e, = @’. 
Since each such occurrence changes f:*(x2"(é’)) from 1 to 0, this in turn requires 
infinitely many changes of 2.*(é’). But this, by similar reasoning, requires in- 
finitely many changes of x;*(e) for some fixed e < @’ < é Therefore, é is not the 
smallest number for which the lemma fails. Thus the lemma is proved by induc- 
tion. 

Lemma II. Let 2;(e) be the last (unchanged) value assumed by x;"(e) as a increases. 
Then (Ey) [Ty*(e, a(e), y) & Uy) = 1J=filale)) = 0. 
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For if 72(e, z(e), y) & U(y) = 1 for some y, then (since, for sufficiently high 
a, fot(u) = fo(u), all u < y) fi2(ai(e)) will eventually be made equal to zero through 
an occurrence of Subcase 1.1. 

Conversely, if fi(z:(e)) = 0, Subcase 1.1 must have arisen for some a for which 


a*(e) = 2(e) and (Ey) (T:2" ‘(e, a(e), y) & U(y) = 1}. No occurrence of Sub- 
case 2.1 with e, < e can subsequently falsify this latter statement, for such an 
occurrence would induce a change in 2;“(e), contrary to the definition of 2,(e). 
Therefore, the statement remains true with fo in place of f.7-!. 

Lemmas I and II hold for any e and as well with f; and f. interchanged. There- 
fore, neither f; nor fz is recursive in the other.‘ 

THEOREM II. (Given a set A, there exist two sets not recursive in one another, both 
enumerable by a procedure recursive in A and both of degree higher than that of A. 

Proof: Change Case 0 in Theorem I to make f,°(2°) = f2°(2°) = 0 instead of 1 
whenever e belongs to A, and to make 2,°(e) = 2%(e) = 3+2° for alle. Then f; 
and f. represent the desired sets. 


1 Emil L. Post, ‘“Recursively Enumerable Sets of Positive Integers and Their Decision Prob- 
lems,’’ Bull. Am. Math. Soc., 50, 284-316, 1944. 

2S. C. Kleene and Emil L. Post (‘“The Upper Semi-lattice of Degrees of Recursive Unsolva- 
bility,’ Ann. Math., 59, 379-407, 1954) produce two functions neither of which is recursive in 
the other. The present paper adapts their method to the restriction that both functions represent 
recursively enumerable sets. The gist of this adaptation was presented by title at the February 
25, 1956, meeting of the American Mathematical Society and has been abstracted (R. Friedberg, 
Bull. Am. Math. Soc., 62, 260, 1956, Abstr. 362). 

3 U is a recursive function, and 7'// is a predicate which is recursive if f is, such that 71 (e, x, y) 
means that e is the Gédel number of a formal procedure for calculating one function, given another; 
that y is the Gédel number of a formal application of this procedure with f as the given function; 
and that this application yields the value U(y) for the calculated function on the argument z. 
(See S. C. Kleene, Introduction to Metamathematics [New York: D. Van Nostrand Co., 1952], 
pp. 276-278 and 288-291.) Hence f; cannot be recursive in fo if for each e there is an x such that 


f(x) A 1 = (Ey)(T)*e, x, y) & U(y) = 1. 


4 The nonconstructiveness of Lemma I, which demonstrates that z; is defined for all arguments 
without telling us how to calculate it, is a necessary feature of the construction. For if 2, were 
recursive, f; would represent a creative set and would therefore, by a theorem of J. R. Myhill 
(“Creative Sets,’’ Z. math. Logik u. Grundlagen Math., 1, 97-108, 1955), be of the highest degree 
possible to recursively enumerable sets. 

A full exposition of this theorem is to appear in two forthcoming texts: H. Rogers, Theory of 
Recursive Functions and Effective Computability (mimeo), MIT Math. Dept., Cambridge, 1957; 
and J. C. E. Dekker and J. R. Myhill, Recursion Theory. 





A THEOREM ON STABILITY OF COMPLEX STRUCTURES 
By ALFRED FROLICHER AND ALBERT NIJENHUIS 


INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY, AND UNIVERSITY OF WASHINGTON, 
SEATTLE, WASHINGTON 


Communicated by O. Veblen, December 17, 1956 


Let X be a compact manifold with a given differentiable structure. Any com- 
plex structure J is determined by its almost-complex structure tensor, also denoted 
by J. Two complex structures J and J’ are called equivalent if there is a differen- 
tiable homeomorphism VW: X — X such that J’ = W*J/, where ¥* denotes the 
induced mapping of the tensor fields over X. Let, further, 6o(./) denote the sheaf 
of germs of holomorphic vector fields over X with respect to a complex structure J. 

TueoreM. /f J,,0 < t < 1, ts a C' family of complex structures on a compact 
manifold X, and if H'(X, Oo(Jo)) = 0, then there exists a positive number ¢ such 
that for all t satisfying 0 < t < «€ the complex structures Jy and J, are equivalent. 

The proof shows that if dim H'(X, 0)(J,)) = 0 for 0 < ¢ < 1, then Jp and J, 
are equivalent for all t,0 <t < 1. 

A forthcoming paper of Bott will show that H'(Y, 6o(/)) = 0 for every compact 
homogeneous Kahler manifold with finite fundamental group. This gives 

Corotuary. If J,,0 <t < 1,isaC' family of complex structures on a compact 
manifold X with finite fundamental group, and if Jo is a homogeneous Kahler structure, 
then there exists a positive ¢ such that Jy) and J, are equivalent for all0 < t < «. 

The corollary covers the case of deformation of the complex structure of complex 
projective space. This special result was simultaneously and independently 
obtained by Kodaira and Spencer. Their proof, to appear in a continuation of 
another paper,' uses quite different methods. 

The proof of the theorem is preceded by three lemmas. 

Lemma 1. Jf H'(X, Oo(Jo)) = 0, then there is an € > 0 and a continuous family a 
vector fields v,,0 <t < «, such that dJ,/dt = [J,, v;). 

Proof: (The subscript ¢ is dropped where no confusion will arise.) The groups 
H*(X, 9,(J)), as defined earlier,? are the cohomology groups of the coboundary 
operator ®: L — [J, L] developed in another paper,* where L is a vector form 
of type (p, q)’ in the sense of Paper C. I.;? i.e., L is a tensor with components 
Lgi-+-Bps1 +4 With respect to complex co-ordinates (z', ..., 2", Z', ..., 2), 
skew-symmetric in the 6’s and the y’s. Let P = '/2(J — iJ); then A’ = P(dJ/dt) 
(=P A dJ/dt in the notation of Paper C. I.) is a vector form of type (0, 1)’, 
as follows from JJ = —I by differentiation, using Proposition 6 of Papers I and 
II. Differentiating [J, J] = 0, we obtain [J, d//dt] = 0, and the part of type 
(0, 2)’ of the left-hand side of this equation gives DA’ = [.J, A’] = [J, P(dJ/dt)] =0. 
Hence A’ represents a cohomology class of H'(X, @o(J)). If this class is the zero 
class, then there exists a complex vector field v’ of type (0, 0)’ such that A’ = 
[J, v’]. 

We can choose a differentiable family of Riemannian metrics g = g, such that 
g, is hermitian with respect to J = J, Let 3 be the adjoint operator of D with 
respect to g; A the Laplacian A = 8 + 8D; and G Green’s operator. The 
decomposition theorem of Kodaira‘ then gives A’ = DIGA’ + IDGA’ + HA’, 

239 














240 MATHEMATICS: FROLICHER AND NIJENHUIS Proc. N. A. 8. 


where HA’ is the harmonic part of A’. A theorem of Kodaira and Spencer! 
implies that h(t) = dim H'(X, 6o(J,)) is upper semicontinuous in ¢. Since h(0) = 
0, there is a positive e such that h(t) = OforO0 <¢t< «. Then also the dimension 
of the space of harmonic vector forms of type (0, 1)’ vanishes; in particular, 
H,A,/ = 0 for0 <t< « Another theorem of Kodaira and Spencer (to appear 
in a continuation of the paper! quoted above) states that G, is differentiable in ¢ 
whenever h(t) is constant. Hence G, is differentiable in ¢for0 <¢t< «. Because 
DA’ = 0 and DG = G9, it follows that A’ = DIGA’; hence A’ = Dv’ = 
[J, v’], where v’ = §GA’ is continuous in t. Put v = v’ + 36’, and note that 
dJ/dt = A’ + A’, A’ = [J,@’], hence d.J/dt = [/, v], where v = v, is real and con- 
tinuous in ¢. This proves the lemma. 

Remark: The expression [v, J] = —[J, v] is the Lie derivative of J with respect 
to v (cf. an earlier paper*). For the Lie derivative of any tensor 7’ the notation 
[v, 7] will be used. 

Lemma 2. Jfv,,0 <t < 1, 2s a continuous family of vector fields over X, then there 
exists a differentiable family of homeomorphisms V,: X — X such that, for every tensor 
field T, (d/dt)(W¥,*T) = —[v, V,*T),0 < t < 1. 

Proof: Let u, be a continuous family of vector fields over X, and let ®,; X > X 
be the family of homeomorphisms determined by the local co-ordinate equations 
(d/dt)®,t = u,(@), ..., ®), 7 = 1, ..., n, with initial values 4° = 2'; i.e., 
®(x) = xforallaeX. , is said to be the exponential of u,, and u, the tangent 
field of @,. One can easily prove (d/dt)(®,*-'T) = ©,*—"[u,, T] for every tensor 
field 7, as a direct consequence of the definition of Lie derivatives. Since the Lie 
operations commute with mappings, we have ,*-"[u,, T] = [®,*—u,, ®,*-'T). 
Let V, be the exponential of the given v,, and ®, = V,~', while u, is the tangent 
field of ®,. If x‘ are local co-ordinates of x, and y/ local co-ordinates of y = ©,(x), 
then y/ = H(t, z', ..., z*) and z' = V(t, y', ...,y*), 2,3 = 1, ...,”. Therefore, 
dy? = (d&/dt)dt + DY (06//dxr‘)dx' and dxt = (dW*/dt)dt + YS} (OW'/dy)dy’, 

J 


from which follows 0W‘/dt = — >> (\|\0b/dx\|-');“(O8//d2), iLe., v, = —&*-'u,. 
J 
Hence we have (d/dt)(W,*T) = (d/dt)(®,*¥-'T) = [@,*-'u,, ®,*-'T)] = —[v, V,*T]. 
Q.E.D. 
Lemma 3. Let S, and T, be two differentiable families of tensor fields satisfying 
dY/dt = —[v,, Y], v, being a continuous family of vector fields. If So = To, then 


S,= F208 < t< 4, 

Proof: Introduce a positive definite Riemann metric on X, and let g(Y, Y) be 
the square norm of the tensor Y. Put D,Y = dY/dt + [v,, Y], and take Y = S, — 
T,. Then Djg(Y, Y)) = 29(DY, Y) + Dag(Y, Y) = [v, 91(Y, Y). A compact- 
ness argument shows that there is an > 0 such that (v2, g\(Y, Y)| < Mg(Y, Y) 
for any tensor Y of the particular type. Hence, putting g(Y, Y) = y,, one 
has Diy! < Mly,|; yo = 0; and D, denotes differentiation in X X J along 
the trajectories of the vector field (v, 1). A standard argument shows that 
y: = 0 along every trajectory, hence y, = 0 on X X J; and consequently S, = T,. 
Q.E.D. 

Proof of the theorem: Both J, and V,*Jo,0 < t < ¢, satisfy dY/dt = [—v,, Y], 
Yo = Jo (Lemmas 1 and 2); hence, by Lemma 2, J, = V,*/Jo, which proves the 
theorem. 
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1K. Kodaira and D. C. Spencer, “On the Variation of Almost-complex Structures,”’ in Algebraic 
Geometry and Topology (Princeton, N.J., 1957). 

2 A. Froélicher and A. Nijenhuis, “Some New Cohomology Invariants for Complex Manifolds. 
I, II.’’ Indagationes math., 18, No. 5, 1956 (here referred to as Paper C. 1.). 

3 A Frolicher and A. Nijenhuis, “Theory of Vector-valued Differential Forms. 1,’’ ibid. No. 3, 
pp. 338-359, 1956. 

4K. Kodaira, “On a Differential Geometric Method in Theory of Analytic Stacks,’’ these 
PROCEEDINGS, 39, 1268-1273, 1953. 


ON THE SPECTRAL SEQUENCE OF A FIBER SPACE. Il 
By Wiro.tp Hurewicz anp Epwarp Fape.i* 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY AND UNIVERSITY OF WISCONSIN 
Communicated by Richard Brauer, December 18, 1956 


1, INTRODUCTION 


The objective of this paper is to outline a proof of the following result, first con- 
jectured by Hurewicz, which generalizes a well-known theorem of Leray-Serre! 
and also extends a previous result of the authors.?. The details will appear else- 
where. 

Turorem. Jf (X, B, p) isa fiber space in the sense of Hurewicz* with fiber F, and 
if B is r — 1-connected, r > 1, then, in the associated spectral sequence {| E;, d;} based 
on singular chains with coefficient group G, we have the following: 

l. E, A H(B, H(F,G)), 24457) d, = 0, 2<iegr-1. 

2. Identifying H(B, H(F, G)) with E,, the differential operator d,: H(B, H(F, G@)) 
— H(B, H(F, G)) is given by the cap product 


d(h)=ynh, heH(B,H(F,G)), 


where y is the characteristic cohomology class of B and H(F, G) and ,(B) are suitably 
patred. 

It should be remarked that the authors first proved, independently, that under 
the hypotheses of the above theorem d, depends only on the pairing of H(F, G) and 
1,(B)—i.e., the “action” of a higher homotopy group on the homology of F. The 
simple description of d, in terms of cap products was suggested by Norman Steen- 
rod. 

2. PRELIMINARIES 

2.1. Fiber Spaces.—We employ the concept of fiber space as given by Hure- 
wicz.4 

2.2 The Spectral Sequence Based on Singular Prisms.—Let X denote a topologi- 
cal space and A" = |, ... , v,| a fixed n-simplex, forn = 0,1, .... <A (p,q) 
singular prism a isa map a: A? X A‘ X. The free Abelian group generated by 
all such singular prisms will be denoted by ((X). If G is an arbitrary coefficient 
group, we set ((X,G@) = C(X) @G. Introducing the usual boundary operator d in 
C(X, G), we obtain a chain complex. Furthermore, we adopt the usual convention 
that when the symbol G is omitted, integral coefficients are assumed. 
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Now let (X, B, p) denote a fiber space, and let ('(X) denote the singular chains of 
X based on prisms.’ Let A(X) denote the subcomplex of ('(X) generated by (m, n) 
prisms a such that pa: A" X A" — B depends only upon the second co-ordinate, 
i.e., pa(a, y) = pa(x’,y). A(X) is seen to be chain equivalent to C(X). We filter 
A(X) as follows. A?’(X) = A? is generated by (m, n) singular prisms in A(X) 
such that n < p. The spectral sequence {,, d;} associated with (X, B, p) can 
then be defined as follows. /;”",7 > 1, is the image of the homomorphism 


ix: Hyyq(A?, A?) > Hy, (A?t-!, AP), 


where ix is induced by the injection A? ¢ A?’+/-!, Then Ej? = >> Ej” “and EB, 
q 


= }) E;”. The differential operator d,;: E;” *— E,;?—* “+/—" is given by restrict- 


r) 
ing 0: Hy4,(A?t?—!, A?-!) > Hyy i(A?—!, A?-4-!) to Ej” *. In what follows, 
we may use the notation £;(X) for £; to avoid confusion when more than one fiber 
space is involved. Also, if we use a coefficient group other than Z (= integers), we 
may write £,(X, @). 

Let F = p—‘(b), b e B, denote a fiber of X. Then C(B), C(F) will denote the 
singular chains of B and F, respectively, based on simplexes. If B is r-connected, 
r > 0, then we may assume that C(B) is generated by singular simplexes whose r- 
skeleton lies at b, and A(X) is generated by singular prisms whose r-skeleton lies 
in F. We will throughout assume that B is 0-connected and hence that singular 
elements employed have vertices at b or in F, respectively. If s is a singular (m, n) 
prism in A”, we associate with s two singular simplexes Fs and Bs as follows. 
F's: A" — F is given by Fs(x) = f(a, vo),  € A”, where v is the leading vertex of 
A". Bs: A"— Bis given by Bs(y) = ps(x, y), y « A", and z arbitrary in F ifn = p; 
otherwise, Bs = 0. Set 6(s) = Fs ® Bs. Thus we obtain a chain map 


9: A®/A?-1-» C(F) ® C,(B), 


where the boundary operator in C(F) @ C,(B) is given by O(c @ ce’) = 0 Be’. 
6, of course, depends upon p. 

2.3. <A Generalized Kiinneth Theorem.—Let (X, B, p) denote a fiber space and Y 
a topological space. Furthermore, let &: X & Y — X denote the natural projec- 
tion. Then (X X Y; B, pé) isa fiber space. 

Turorem. The spectral sequences | E)(X, H(Y, G)), dj} and {E\(X X Y, G), d;} 
are isomorphic, 7.e., there exist isomorphisms 

a,;: Ey(X, H(Y, G)) > E\(X X Y, @) 

such that dja; = adj. 

In the sequel we will identify the above spectral sequences by reason of this 
theorem. 

2.4. Cap Products.—Suppose that G:, G2: are coefficient groups paired to G. If 
X isa space and c: C,(X) > G, is a q-cochain and u ® ge € Cp4,(X, G2) is a singular 
p + q simplex with g: as coefficient, we set 


cn (u @ go) = u? @ c(U)go € C,(X, G), 


where wu? is the p-face of u determined by the last p + 1 vertices v,, ... , Upi¢ of 
A’*+“ and “u is the q-face of u determined by the first q vertices m, ... ,v,. This 
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pairing of C*(X, G,) and C,,,(X, G2) to C,(X, G) induces a pairing of H*(X, G,) and 
H y4q(X, G2) to H,(X, G) called the cap product. As usual, h¢ n h,,, denotes the 
element of H,(X, G) to which h‘ and h,,, are paired. This pairing differs by a fac- 
tor of (—1)?** from that given by Eilenberg.® 

2.5. Pairing 1,(B) and H(F, G) to H(F, G).—Let (X, B, p) denote a fiber space 
with fiber F = p~'(b). If d is a lifting function‘ for (YX, B, p), \ induces a map 
\: B X FX, where B is the space of paths in B emanating from 6. For w « B, 
f ¢«F, set 


Mw, f) = ACS, w)(1). 


Then, if A is the loop space of B at b, \: A X F > F. Hence, employing the 
Kiinneth theorem, \ induces 


Ae: H,i(A) @ H,(F) > Any alF). 


Thus H,_,(A) and H(F) are paired to H(F). Now we identify z,(B) with 2,:(A), 
and thus the pairing of z,(B) and H,(F) to H,,,,-:(F) is obtained by using the Hure- 
wicz homomorphism z,_;(A) — H,_:(A). 


3. THE BASIC MAPS 


3.1. The Map ¢.—Let B denote a 0-connected space, and fix b « B. Further- 
more, let B denote the space of paths in B emanating from b. Then, if £: B > B 
is given by &(w) = (1), (B, B, £) isa fiber space, with fiber A = p~1(b) the space of 
loops. Let ('(B) denote the singular chains of B based on prisms and ((B) the 
singular chains of B based on simplexes. Then, using the notation of section 2.2, 
set d = A(B), A = A*(B). Ais then filtered, and we have an associated spectral 
sequence |/,(B), d,;}. Our objective in this section is a dimension-preserving 
homomorphism (not, in general, a chain map) ¢: C(B) ~ A. Therefore, let s: 
A" — B denote a singular n-simplex. Then define §: A" X A" > B by 8(z, y) = 
s(vor)s(zy), (x, y) « A" X A", where vy is the leading vertex of A", and xox, Ty are line 
segments with indicated end points. For 0 < q < n, let ‘A" and A" "~¢ denote q 
and n — q faces of A” determined, respectively, by the first g vertices of A" and the 
last n — q vertices of A". Let B,": A? XK A"~*-> “A” & A” "~“ denote the natural 
barycentric map. Then set ¢“(s) = 88,”", and note that ¢*(s) «A"-*. Finally, set 
¢(s) = >> os). We note here that ¢ depends on n, but this fact will not be dis- 
played in the notation. Thus ¢: C(B) —> A is a dimension-preserving homo- 
morphism. ¢ can also be interpreted as arising from a chain approximation to the 
diagonal map A” > A” X A” as follows: Interpreting A” as a finite complex with 
ordered vertices in the usual manner, let «” denote a p-face of A", and 40”, o? ?-@ 
faces of o? spanned by the first g + 1 and last p — g + 1 vertices, respectively. 
Then the correspondence 


D 
o? => > I? XK gs P-4 
q=0 


gives rise to a chain mapping D: C(A") — C(A" X A”), which is a chain approxi- 
mation to the diagonal map in the sense of Lefshetz. Then ¢(s) can be given by 
restricting § to the simplicial chain D(A") in the product complex A" X A”. 
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3.2. The Basic Lemma.—Suppose that s is a singular n-simplex in B whose r — 1 
skeleton lies at be B,1<r<n. Let’s denote the r-face of s given by the composi- 
tion A’ > A" > B, where the first map is the injection A’ ¢ A". Furthermore, we 
denote by "§ the r — 1 singular simplex in A given by the composition A’~' > 
A’ ’~!—» A, where the first map is the natural barycentric map and the second map 


assigns to each x ¢ A” ’~! the are s(vor) from the leading vertex v tox. "8 deter- 
mines an element of z,:(A) which we denote by [’s]. Then the following lemma is 
valid. 

Lemma. If s is a singular n-simplex in B whose r — 1 skeleton (1 <r < n) lies 
at b ¢« B, then 


d¢(s) — ¢d(s) = a — B mod A", 


where a and B are singular (r — 1,n — r) prisms in A"~ having the following proper- 
ties: 

(7) Ba = BB = s"~’, then — r face of s determined by the lastn — r + 1 vertices 
of A". 

(7t) Aa e [’s]; AB is degenerate, having the constant loop at b as constant value. 

Of course, in the above lemma, if r > n, 0a(s) = ¢g0(s) trivially. On the basis 
of the above lemma, the following theorem is valid. 

Tureorem. Jf Bisr — 1-connected,r > 1, the map ¢: C(B) > A induces 


er: C(B, @) > E(B, ), 
gi: H(B, G) > E(B, G), ae we 


such that digi = g:0 and dig; = 0,7 = 2,...,r— 1. 

3.3 The Map y.—Let (X, B, p) denote a fiber space with B r — 1-connected 
and F = p~‘(b) a fixed fiber. If X is a lifting function for (X, B, p), \ induces a 
map \: B X F > X (see sec. 2.5). If 7: B X F > B is the natural projection, 
then (B X F, B, &) is a fiber space, and p\ = &. Therefore, \ induces homo- 
morphisms 


vi: E\B Xx F, G) a EX, G) 4 


such that dA; = A,d;,i > 1. Now, applying the theorem of section 3.2 with G = 
H(F, G) and identifying E,(B, H(F, G)) with E(B X F, G), we set ¥; = Ari, 
1<ic<r. Therefore, yi: C(B, H(F, G)) > E,(X, G) and y,: H(B, H(P, G)) > 
E(X,G)for2 <i<r. Itis known that C(B, H(F, G)) is isomorphic to £,(X, @), 
and it is not difficult to show that y; is such an isomorphism, where the inverse of 
y is induced by the homomorphism @ of section 2.2. Therefore, this fact, together 
with the theorem of section 3.2, implies that the y; are isomorphisms for 1 < i < r 
andd, = 0Ofor2 <i<r—1. 

3.4. Lemma. If (X, B, p) and (X’, B, p’) are fiber spaces over B, which is r — 1- 
connected, and if f: X — X’ is a fiber-preserving map, then the following diagram is 
commutative: 


H(B, H(F, G)) * H(B, H(F’, G)) 
yr | [yr 


E(X,@) 3 E(X’,@) 
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where F’, F’ are fibers over b ¢ B, the f’s are naturally induced by f, and y,, ¥,’ are the 
maps defined in section 3.3. 
4. THE STRUCTURE OF d, 

Consider again the fiber space (B, B, £), B r — 1-connected. Applying section 
3.3, we have isomorphisms y,: C(B, H(A)) > E,(B) and J,: H(B, H(A)) > E,(B), 
2<i<r. Let ¢: C(B)—A denote the map of section 3.1. Then, if s is a singu- 
lar n-simplex in B, d¢g(s) — ¢d(s) is a cycle mod A"~’—! and hence determines an 
element [O¢(s) — ¢d(s)]: « E:"~-""-"(B). Then, employing the lemma of section 
3.2, it is easy to see that J:(y(’s)s"~") = [O¢(s) — ¢O(s)]:, where y « C’(B, 2,(B)) 
is the characteristic cocycle of B, ’s and s"~’ are as in section 3.2, and 2,(B) is 
identified with H,,(A). It follows, then, that if 2 is an n-cycle in C(B, G), then 
Ov(z) determines an element [d¢(z)]; « E:"~"’—(B, @) and Ply A z) = [Ve(z)h, 
where the cap product is derived from the pairing of 7,(B) and G to 7,(B) ® G, and 
hence y N ze C(B, 2,(B)) ®G) = C(B, H,1(A, @). Hence we have 


VAY n h) ae d,¢g,(h), 


where ¥,: H(B, H(A, G)) > E,(B, G), ¢,: H(B, G) > E,(B, G@), and 7 is the charac- 
teristic cohomology class of B. Now let G = H(F) in the preceding, and identify 
H(B, H(A, H(P))) with H(B, H(A X F)) and E,(B, H(F)) with E(B X F). Then, 
if \,: E(B X F) > E,(X) is the homomorphism of section 3.3 induced by a lifting 
function A, we have 

AW N h) = X,d,¢,(h). 


Now A,d,¢, = d,A,¢, = d,b,, where y,: H(B, H(F)) > E,(X), and hence ,d,¢,(h) 
= djy,(h). On the other hand, applying section 3.4, 
WF n h) r V Ax (7 n h), 
where 
dx: H(B, H(A X F)) > H(B, H(P)) 


is induced by \: A X F > F. But it is clear that Ax(7  h) is then just the cap 
product 7 M h, where z,(B) ( =H,_,(A)) and H(F) are paired to H(F) according to 
section 2.5. Therefore, 

VA(7 Nh) = dy,(h), he H(B, H(P)). 


Since y¥, is an isomorphism, we may identify #,(X) with H(B, H(F)), and hence 
d,: E,(X) —~ E,(X) is given by d,(h) = 7 9 h. Thus our outline is complete for 
the proof of the main result with integral coefficients. The use of an arbitrary 
coefficient group offers no additional difficulties. 


* This paper was written by the junior author following the untimely death of Professor Hure- 
wicz. It was supported, in part, by the Wisconsin Alumni Research Foundation. 

1J. P. Serre, Ann. Math., 54, 425-505, 1951. 

2 W. Hurewicz and E. Fadell, these PRocEEDINGs, 41, 961-964, 1955. 

3 The junior author has also proved this theorem for fiber spaces in the sense of Serre. 

4 W. Hurewicz, these PROCEEDINGS, 41, 956-961, 1955. 

5 An alternate proof of the theorem based on cubical singular chains will appear in the forth- 
coming “Symposium in Algebraic Topology” publication (Mexico City, 1956). 

6S. Eilenberg, Ann. Math., 45, 407-447, 1944. 





INTEGRATION OF A DIFFERENTIAL FORM ON AN 
ANALYTIC COMPLEX SUBVARIETY 


By Pierre LELONG 
UNIVERSITY OF PARIS* 
Communicated by Marston Morse, December 12, 1956 


I. The purpose of this note is to give a precise definition of the operator of 
integration 


t(y) = Se (1) 


for an exterior differential form gy on an analytic complex subvariety W. The 
problem arises because an analytic complex subvariety in a domain D of C” (or, 
more briefly, an analytic set in D) is not, in general, a manifold. We give (a) an 
existence theorem for ¢(g) and (b) a proof that ¢ is a closed current in D, that is, 
i(y) = 0 for the forms y with compact support, which are homologous to zero in D. 

II. A set W is called an analytic set in a domain D of C"(z1, ..., Zn) if M ¢ D 
has a neighborhood (Uy) such that (Uy) m W is defined by the simultaneous 
equations 


Fils, 6 Ge OE, Cee Se) ree (2) 


where f, is holomorphic in (Uy); M ¢ W is an ordinary point of W if there exists 
an analytic one-to-one mapping Z = F(z) such that F[(Uy) n W] = F[(Uy)| aC, 
where C* is a complex linear subspace. We denote by A‘ a complex g-vector given 
by 


Ze = af + Do oyu, is b48, 1854S 6; (3) 


with unitary representation and fundamental form 
z qd 
dtz, = Q(A‘) = Ee (—1)*¢—-/2 du, A dt... du, A dilly. 


lf s is the maximum of the numbers qg such that P can be an isolated point of 
W on A*%, p = n — sis the complex dimension of W in P « W. We have the de- 
composition W = VY W*, where W* is k complex dimensional in each of its points. 
If W’ = W on A? is not of dimension zero, the boundary of B(P,r) = 
q 
lS | u,|2 < P| intersects! W’. Starting from this property and applying the 
1 
Kronecker integral to the system (2) after substituting equation (3), where 2;’ 
and a,‘ are considered as complex parameters, we obtain 
THEOREM |. Jf W isan analytic set in D and M (z,°) is an isolated point of Ao’ n W, 
where Ao? is given by (a*)o and z, = 2° in equation (3), there exists a neighborhood 
(Um) of M, «> Oand ¢& > 0, such that for la#* — (a#*)o| < ¢, and |z/ — z°| < e’, 
Uy a Wa A%isa set of l(<N(M))) isolated points, where N(Mo) is the number 
of intersections of Ao’ nN W in Mo. 
III. Positive Currents—We denote by *y the adjoint of a form y; *Q(A®%) is 
the fundamental form of the A”~¢ orthogonal to A®. 
246 
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Definition: A current? t is called positive of degree q (or belongs to 0,*) if t is 
homogeneous of degree (q, g) in dz;, d3; and if for every complex g-vector A‘, the 
distribution T[A‘|(f) = ft A *Q(A%f is a positive measure. A form ¢ is called 
positive of degree g (or belongs to &,*) if ¢ has continuous coefficients and ¢ « 0,*. 


THEOREM 2. A positive current t = (7/2)4(—1) #@—-?“? tipipdz; A ... A de, 
d 1 qd 

(t)(;) 

J 


dz, A ... A d%, is continuous of order zero; the distributions Ty (ff) = 
Sli f dry are complex measures: Tj) = Tin and Tw@ > 9. 

Remark A: We put |t|p = sup |t(g)| for y, (C*), with compact support 
K(¢) ¢ D, and l eo! < 1 for the coefficients of g. Then it is possible to find 
a system A of (C,,“)? complex q-vectors A‘, with lai (a;*)o| < «, where e > 0 
and Ao*[(a;*)o] are given, such that we have |t|» < k(A) sup 7[A,?], where k(A) 

Ss 


is a constant depending on A. The class of the positive currents possesses the 
following properties: 
THEOREM 3 (multiplication). Jfte«0,* and ¢g « ®*, thent A ¢ € 9.17 
TueoreM 4 (division). Jf t A ¢ = 0,1t€0,*, and if ¢ « &* satisfies ¢* ~ 0 
and ¢’+! = 0 in D, then we have t = th A o!, and t € O,_, (i = Of p <q). 
TueoremM 5. The image of a positive current induced by an analytic and locally 
one-to-one transformation is a current which ts positive. 
IV. If W is the analytic set f(a, ..., 2) = 0 in D, we have the following two 
expressions for the current t(¢): 


9) £ . 
(a) t=- 5 d.d: log | f| | (b) t = 4 * df A df. 


In (a) the bracket denotes the positive current relative to the plurisubharmonic 
function log |f|. On the other hand, (b) is available only for forms ¢ whose 
support K(¢) contains only ordinary points of W; in (b) the positive current 6; 
of degree zero (measure density) is given by an analytic locally one-to-one mapping 
Z = F(z) of W on a complex subspace. 

We consider now an analytic set W? of complex dimension p irreducible in D 
and denote by W,? the connected manifold of the ordinary points of W?, and we 
put L; = W? — Wo?. The definition of the current ¢(¢g) (the integral of ¢ on 
W?) will be given in three steps: (1) Definition of the positive current f&(¢) = 
Sw» ¢ on ¢ with support K(¢g) ¢ D — E,. (2) Majorization of the norm of t 
in a neighborhood of M ¢ W?, for instance in a sphere B(M, r). (3) Solving of a 
continuation problem for t defined in D — E,, to obtain ¢ defined in D. 

1. If M ¢ W,?, & is obviously defined by an analytic mapping of W? n (Uy) 
in a complex subspace. 

2. We use the following result, which is a consequence of Theorem 1 and 
Remark A: 

THEeoreM 6. If W is an analytic set in D, of complex dimension p in every M ¢« W, 
and D, ¢ ¢ Disa compact domain in D, there exists a constant \(D,) > 0 such that 
the norm | to| u Of the current t) in the spheres B(M,r) c¢ Dy, satisfies | to| u < A(D,)r*?. 

V. Continuation of a Closed Current.—Given a current ¢ in a domain D — E, 
where D ¢ R(x, ..., 2m) and E is the subspace x; = ... = a, = 0, a necessary 
condition that ¢ be continuable to the forms ¢ with support Kg) ¢ D is the 
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convergence of }> t A ay, K(a;) ¢ D — E, where a; is a partition of unity in 
i 


D—E. We give now conditions that a closed current ¢ have a continuation 7 by 
a closed current. We denote by a,(a, ..., 2s) a kernel (C%), with 0 < a, < 1; 
a, = lin aneighborhood w, of the origin wo (711 = ... = 2, = 0); a, has a compact 
support K,; w, ¢ K, ¢ w,’, and w,’ tends to w whenr—0. We put 6 =i — t, 
and suppose that ¢ is homogeneous of degree k. 


TureorEeM 7. A necessary and sufficient condition for the existence of i is (a) 
lim a,t = 0; (b) the existence of the limit r(y) = (—1)*t[da, A ¢], for a sequence of 
.e 
kernels a, with properties listed above. 

Thus 7 is a current with support in Z and is homologous to zero; the limit is 
independent of the sequence a,; we have dd = 71,4 =t+ 06. If 7 = 0, we choose 
@ = 0, and we say that 7 is the simple extension of ¢. If? exists, ¢ is continuous of 
finite order g in K n (D — E), where K is a compact domain in D. We put 


|t| & = sup | t(¢)| , where ¢ satisfies K(¢) ¢ Kn [> i's r| and | DD ea| <i. 
1 


for each derivative of total order <q of the coefficients of y. We choose a, = 
a(x;/r) and denote (Oa/dx;)(x;,/r) by B;, -(a;), to obtain more precise sufficient 
conditions: 

THEorEM 8. A sufficient condition for the existence of f is the existence of a finite 
number L such that we have | t8;, (ai)| k < Lr. 

Corottary. Jf t is continuous of order zero and if r-'\ t| K — 0, 7 is obtained by 
the simple extension of tin K c¢ D. 

VI. Now we consider EL; = W? — Wo? and put Ff; = W, V W, VY ... Uv W,, 
where W; is the manifold of the ordinary points of F; — [W, UW, VU ... UY Wy-1]; 
W, is a manifold of complex dimension %» < p — k. In M ¢ W,, we consider a 
neighborhood (Uy) and an analytic one-to-one mapping Z = F(z) such that 
F{(Um) an W,| = F[(Uy) a C*)] where C” is a complex subspace. By Theorems 
5 and 6 and the corollary to Theorem 8, we obtain the main result of this note: 

THEorEM 9. Jf W? is an analytic set in a domain D of C" and if W” is of complex 
dimension p in each of its points, the positive current of degree (p, p) defined by 


to =Swe ge 


(where Wo? is the manifold of the ordinary points of W?, and EF; = W? — Wo?) ts 
convergent in D — FE. The simple extension t of to gives a closed positive current 
t(y) on the forms ¢ with compact support in D. 

If W is not homogeneous p complex dimensional in D, the current t(¢) = J re) 
is a finite sum of homogeneous, positive closed currents ¢ in D whose supports 
are the components of W in the decomposition W = UV W*, where W* is k complex 
dimensional in each of its points. 


* Written while the author was at the Institute for Advanced Study (Princeton, N.J.) under 
the sponsorship of the Air Force Office of Scientific Research. 

‘Cf. R. Remmert and K. Stein, Math. Ann., 126, 263-336, 1953, in particular p. 283. The 
notion of complex dimension is invariant under one-to-one complex analytic mappings. 

2 Cf. G. de Rham, Variétés différentiables (Paris: Herrmann & Cie, 1955). A current ¢ is con- 
tinuous of order s if t(gn) + 0 for every sequence of forms gn, (C), with compact supports K(¢,) € 
Ko, and sup |D“ gn, (| — 0, for every coefficient gp, (4) and every derivative (a) of total order 
<s. 





APPLICATION OF HILBERT SPACE METHODS TO LIE GROUPS 
ACTING ON A DIFFERENTIABLE MANIFOLD 


By JACQUELINE LELONG-FERRAND* 
UNIVERSITY OF PARIS 
Communicated by Deane Montgomery, December 17, 1956 


1. M" will denote an orientable connected manifold of dimension n, not neces- 
sarily finite, but admitting a completion M@”" by a boundary 0M”, and satisfying 
the following conditions: 

(a) The functions defining the change of local co-ordinates possess Lipschitz 
continuous derivatives of the first order. 

(b) Every x ¢ 0M” admits a neighborhood V homeomorphic to the half-cell: 
[ja'| < 1 for? = 1,2,...,m — 1; 0 < x" < 1), of R", this homeomorphism defining 
an admissible co-ordinate system such that the points of 0/7" n V are characterized 
by xz” = 0. 

Every Lipschitz continuous vector field — on M/" defines an infinitesimal trans- 
formation X; (or X when no confusion is possible) acting on the space £,, of Lip- 
schitz continuous tensors 7 of type (p, q) according to the law 

, fe) 4. O¢ 4, of” 

Xt f = Meet De - SS 
where the £' denote the local components of £ with respect to the co-ordinate 
system x‘; the components of X,7' are bounded, measurable, and almost every- 
where defined. In particular, XY acts on the space £ of Lipschitz continuous fune- 
tions f according to the law Xf = £' Of/Oz', and on the space £, of Lipschitz con- 
tinuous differential forms of degree p, ¢ = ¢;...;, dx" A ... A dx‘, considered as 
defined by p-covariant antisymmetric tensors ¢;,___;,. 

More generally v vector fields —&,(@ = 1, 2, ..., v) define a »-dimensional in- 
finitesimal group G of transformations of /” if the corresponding operators X, 
satisfy the structural equations 


XX) XX Eglo we CAE * Cp OO 


Then any linear combination X = )le,X, with constant coefficients e, defines 
an operator of G. 
2. If a Riemannian metric ds? = g;; dx‘dx’ can be defined on M”, the g;; being 
Lipschitz continuous, we set 
(S, T) = 98g"... 9 "Ojai ~~ Ginse Sx. 38 Teepe 
where S, 7 are two tensors of the same type (p, q) and T denotes the complex 
conjugate of 7; we define a global scalar product by setting 


<S,T> = JS (S, T) dr, where dr = +/g dx' A ... A dx", 


M* 


and denote by i,, the Hilbert space of square-summable tensors 7 of type (p, q) 

(satisfying ||7'||> = <T, T> < @); then, to every infinitesimal transformation 

X, related to a vector field £, we make correspond a new operator \ by the formula 
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p ; P 4 ‘ : : } 
AT + XT = p> Tat Gok “he ae a ee Ek, tee 
where t;; = Xgi; = &,; + &, and t, = g"t,s. 


If only an element of volume dr = +/g dx! A ... A dx” is given on M", we 
restrict our considerations to the Hilbert space 30 = Hoo of square-summable 
functions f and set 


Af,gA = Sfedr; — |If\|? = ASFA; 
Mn 


1 oO at 
* eis (V gé'). 


Then we have the following fundamental results: 


Xf + Xf = foé, with 6 = 


(2a) <XS, T> = <S, XT> for any two tensors S, T € Lp, [resp. for any two 
functions S, 7 € £), of which one at least has a compact support in M", if, and only if 
the vector field — is tangent to 0M"; we shall express this last condition by saying 
that 0M” is globally invariant. 

(2b) Xf + Xf = 0 for every f « & if, and only if, X preserves the volumes, this 
last condition being possibly written 6 = 0 or Xdr = 0. 

(2c) XT + XT = 0 for every T € Ly, if, and only if, X is an infinitesimal isom- 
etry, or, in other terms, if — is a Killing vector field. 

(2d) If X is an infinitesimal conformal transformation, we have 


9 
XT + XT = [ + (q - p) |e T. 


3. In all further developments, we shall denote by X [resp. Y] the closure of 


the former operator X [resp. \], considered as acting on K,,; the domains of these 
operators are dense in 3C,,, and we easily see that each operator X, X, is contained 
in the adjoint of the other. 

G being a v-dimensional infinitesimal group on M”, we say that 0M” is globally 
invariant under G, if 0M” is globally invariant under any X e¢ G, and we denote 
by 3,’ the closed subspace of 3C,, constituted by invariant tensors 7’ of type 
(p, q) (satisfying X7 = O for any X eG). Then, if 5,,' is the orthogonal comple- 
ment of 3C,, and if {X,} denotes a basis of G, it can be easily seen that the direct 
sum @X5C,, is dense in 3C,,!. This yields the “weak” decomposition formula 


T=T+ Ti, (3a) 
where 7) € 5¢,,’ and 7; is the strong limit, fork = ©, of a sequence T* = >> X,T,". 
a 


And in the particular case of a global 1-parameter compact group of isometries, 
the results of section 4 will carry the “strong”? decomposition formula 


Tr = To + XS, [To € e. S; € Hy qo]. (3b) 


These formulas present a special interest for differential forms because of their 
analogy with Kodaira’s decomposition formula and because of the relations of 
permutability dX = Xd, 6X = Xé. Among the applications of relation (3a), 
we have 





VoL. 43, 1957 MATHEMATICS: J. LeLONG-FERRAND 251 


THEOREM |. On a finite manifold M" admitting an infinitesimal group of isom- 
etries such that OM" is globally invariant, every invariant form, homologous [resp. 
cohomologous] to zero, is the exact differential |resp. codifferential] of an invariant 
form. 

4. If Yisa compact connected 1-parameter group of isometries of M", such that 
OM” is globally invariant, and if x — tx denotes the transformation of M” corre- 
sponding to any ¢t e Y, we may consider the operator Y4: 7T(2) —~ T (tz) as defining 
a unitary representation of Y in 35,,, and, according to Stone’s theorem, we have 
the spectral decomposition 


oo 


Yx= > e*“E,, (4a) 


— oo 


where E,, is a complete set of projections on mutually orthogonal spaces, Hy agreeing 
with the projection on 3C,,°._ Formula (4a) implies 


+o 
X = D inoLk,, (4b) 


where X is the infinitesimal transformation of Y, and formula (4b) proves that 
every 7’ « X,,' satisfies 


|7|| < eX with k = |w|. (4c) 


Inequality (4a) is a particular case of a more general result, which we prove by 
another argument based on Koszul’s theory*® of Y-regular manifolds, and may be 
stated as follows: 

TuHeoreM 2. Jf Y is a compact v-dimensional Lie group, and, if X, (a = 1, 2, 
..., v) denotes a basis of its algebra, there exists a constant k such that f « KR and 
S fdr = 0 imply |/f\|)? < k3||Xaf|*, where dr is the invariant measure. 

G 


TueoreM 3. Jf Y is a compact v-dimensional Lie group of isometries acting on 
differentiable manifold M" such that OM” is globally invariant, and if X, denotes 
a basis of its algebra, there exists a constant k, depending only on the integers p, 4q, 
such that 


XK Es, implies T\|\? < kz) X,7||?. 


Now, in the case of l-parameter groups, we prove that the property involved 
by reaction (4c) is characteristic of compact groups. More precisely, we have 

THEOREM 4. An element X of the Lie algebra of a Lie group Y defines a 1-param- 
eter compact subgroup of Y if, and only if, there exists a constant k such that every 
function f € 5, orthogonal to the space KH! = \¢; g eH, Xe =0 | satisfies 


fll < kil Xf. 


' 


TueoreM 5. In order that a Killing vector field —, on a Riemannian manifold 
M", such that & is tangent to OM", define a compact 1-parameter group, it is necessary 
and sufficient that there exist a constant k such that every function f € 3, orthogonal to 
the space {y; ¢ « KH, Xe = 0}, satisfies 


fll < kl Xof\l. 
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The complete proofs will appear subsequently. 


* Written while the author was at the Institute for Advanced Study (Princeton, N.J.), under 
the sponsorship of the Air Force Office of Scientific Research. 

References not mentioned in text: K. O. Friedrichs, ““The Identity of Weak and Strong Exten- 
sions of Differential Operators,” Trans. Am. Math. Soc., 55, 132-151, 1944; 8S. Kobayashi, 
“Espaces 4 connexion de Cartan complets,’’ Proc. Japan Acad., 30, 709-710, 1954. 

‘J. L. Koszul, “Sur certains groupes de transformations de Lie,” in Colloque de géométrie 
différentielle (Strasbourg, 1953), pp. 137-141. 


ERRATA: DIOPHANTINE EQUATIONS IN 
CERTAIN RINGS 


In the article of the above title appearing in these PROCEEDINGS, 42, 656-665, 
1956, the following corrections should be made: 


Page 656 
In the first line below relation (4) read “‘finite’’ in lieu of “definite.” 
In the first line below relation (4a) read ‘‘o,,; = 0 (mod p)” in lieu of ‘‘a,4, = 0,” 
In the same line read ‘‘o,,; # 0 (mod p)”’ in lieu of ‘‘o.4, ¥ 0." 

Page 657 
In relation (5a) read ‘‘s + 1" in lied of ‘“s = 1” above the summation sign. 
In the second line below relation (5a) read “‘p”’ instead of “‘y.” 

Page 658 
The first displayed formula should be numbered “‘(8). 
In the seventh line below relation (11) read “turns’’ in lieu of ‘‘turn.”’ 
In the fifteenth line below relation (11) read ‘“‘has"’ in lieu of “have.” 


” 


Page 659 
In relation (12) read “==” in lieu of “= 
In the fourth line below relation (14) insert the word “‘by”’ between 
and ‘[2, jJe.”’ 
Page 660 
In relation (19) just below the summation sign on the left read “2 = 0” in lieu 
of] OS 
In relation (19a) read ‘‘7 = 0” in lieu of ‘7 = 0” below the summation sign. 
Emma Lehmer, who kindly read the manuscript of this article critically after 
the corrected proof sheets had been sent to the printer, found difficulty in following 
the writer’s statements 


” ” 


‘ 


‘mentioned”’ 


ec- 1 


> (dja — 6). = 1 — (d, hi’), 


b=1 


Fee 


occurring two lines below relation (21). These should be corrected as follows: 
In the first equation replace “‘h,’”’ by “‘h’,” and “h’”’ by “h’.” 
In the second equation replace “= / — 1” by “ > 0.” 
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To prove the last statement, it is sufficient to show that (d, h’) < 1. From 
relation (17) we have (d, h’) < l. If we have (d, h’) = 1, it then follows that 


gi tic 4 gh’ + aie — | (mod p), 


with d # 0 (mod c), for7 = 0,1, ...,/ — 1, with the a’s in the same range. No 
two of the a’s are congruent modulo /, for that would give 


of + G — ae oe |} (mod p), 


which contradicts d 0 (mod c). Hence the a's are the integers 0, 1, ..., 1 — 
in some order. Adding together all the resulting congruences, we have 1 = 0 
(mod p), contradicting p" = 1 + el. 


Page 663 

In the first line below relation (33) insert the word “holds” before the word 
“with.” 

In the second line below relation (33) delete the word ‘‘holds.”’ 

In the second line above relation (35) write ‘ry # 0 (mod p)” in lieu of “‘zy # 
(mod /).” 
Page 664 

In the first line write “b = 0 (mod p)”’ in lieu of ‘“b # 0 (mod p).” 

In the fourth line add the words: ‘This also holds with the left-hand member 
a unit.” 

In the sixth line, in the exponent in the left-hand member, write ‘‘m/’ 


of my.” 


’ 


in lieu 


” 


In the sixth line, in the right-hand member, write “a!” for “a;. 

In the first line below relation (37) write “== 0 (mod /)” in lieu of “zero.” On 
same line write ““# 0 (mod 7)” in lieu of “# 0.” 

In the second line below relation (38) write ‘== 0 (mod /)”’ in lieu of “‘zero.”’ 

Add after the last statement of the theorem the sentence, “Also ky, ks, and ks 
are integers.” 

In the first line of note 6, write ‘“‘“#” in lieu of “+.” 
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